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Abstract. Wepresentatypingconceptfor second-ordertermgraphsthatdoesnot
considerthetypesasanexternaladd-on,but asanintegralpartof thetermgraph
structure.Thisallowsahomogeneoustreatmentof term-graphrepresentationsof
many kindsof typing systems,includingsecond-orderλ-calculi andsystemsof
dependenttypes. Applicationscanbefoundin interactivesystemsandastyped
intermediaterepresentationfor examplein compilers.

1 Intr oduction
Termgraphshaveoriginally beenintroducedasefficientrepresentationsof terms.The
key to this efficiency is thepossibilityof sharing of what on the term sideareequal
substructures.Linearnotationsystemsfor termgraphs(suchasin somefunctionalpro-
gramminglanguages)oftenusenamesboundby e.g.where-clausesto expresssharing;
thiskind of bindingis perceivedasdifferentfrom thatintroducedby λ-abstractionsas
representedin termgraphse.g.by Wadsworth,theinventorof graphreduction[12], the
differencebeingthatthenamesboundbywhere-clausesdonotappearin thegraph,but
thoseboundby λ-abstractionsdo.

In previouswork [3] wetookthesteptoconsiderboth usesof boundvariablenames
only ascoding of structurethatcanbemadeexplicit with anappropriatedefinitionof
termgraphs.Thestructureelementencodedbywhere-bindingsistraditionallyexplicit
in term graphsasthe possibility that nodeshave several predecessors;the structure
elementencodedby thenamesandscopesof λ-boundvariablesis in thefirst instance
thatof variable binding, a functionthatassignseveryboundvariableits binder, andin
thesecondinstancethatof variable identity, anequivalencerelationamongvariables
whichmakesexplicit whichvariableoccurrencesbelongto thesamevariable.

Thisprincipleof rigourouslymakingstructureexplicit is now appliedto typingin
thispaper.

In conventionaltyping systems,typesareassignedto terms. But whenformally
reasoningaboutterms,usuallythecorrespondingabstract syntax trees areconsidered
instead.Now treescannot only beconsideredasa freealgebra,wheretreesarebuilt
from constituents(subtrees)via operators,they can also be consideredasa special
kind of directedgraphs,whereanodemayhavesuccessornodes.Therefore,thetypes
of termsin conventionalsystemscorrespondto typesof nodesin term graphs,and
whereconventionalsystemsrelatethetypesof termswith thetypesof their immediate
constituents,a termgraphtypingsystemshouldrelatethetypeof a nodewith thetype
of its successornodes.



Furthermore,typesusuallyareagaintermsof somelanguage,sowhenwerepresent
termsandtheir subtermsasnodesin a term graph,we canequallyrepresenttypesas
nodesin a termgraphof types. Now therearesystemsthatuse(sublanguagesof) the
samelanguagefor programsandtypes,andthatevenallow referencesfrom programs
to types(asin second-orderλ-calculi)or from typesto programterms(asin dependent
types),soit seemsonly naturalto considera programandits typeaspartsof one term
graphthat is enrichedwith anadditionaltyping function from programnodesto their
typenodes.

After establishingsomenotationin Sect.2,wedefineinternallytypedsecond-order
termgraphsin Sect.3andtheirhomomorphismsin Sect.4. Theprinciplesof anappro-
priateframework for typingsystemsarelaid out in Sect.5,with somedetailsaboutthe
typingof multi-nodevariablesleft toSect.6. Section7showshow ourtypedtermgraphs
canbeconsideredtoresultfromakindof algebraicgraphgrammars.Finallyweshortly
presenta few morecomplicatedtyping systemsin Sect.8 for giving animpressionof
thepowerof our formalism.

2 Notation
In ourformalisation,wefrequentlyuserelationaloperationssincethisallowsveryclear
andconciseformalisationsin thecontext of graphs,seee.g.[9, 2].

For many purposeswe usepartsof the Z-notation [10], most notably for set
comprehensionswhereZ usesthepattern“{signature | predicate • term}” insteadof
theotherwisefrequentlyobserved “{term | predicate}”. Sowe have asan example
{n : IN | n < 4 • 2n } = {0, 1, 4, 9}. If thepredicateis constantlytrue,thenwecanalso
write “{signature • term}”, e.g.,{x : IB • (x, x)} = {(
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is just thetupleof thevariablesintroducedin thesignature, thenanotherpossibilityis
“{signature | predicate}”, e.g.{x, y : IB | x ≠ y} = {(
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ficationusesthesamepatterns;heremostfrequentlythepredicateisomitted,sowehave
for example∀x : IN • x + 1 > x. Thepowersetof asetA is writtenIP.A.

Thesetof relationsbetweentwo setsA andB is writtenA ↔ B andis equalto the
powersetof thecartesianproduct:(A ↔ B) := IP.(A × B). Thesetof univalentrelations
or partialfunctionsfrom A toB iswrittenA |→ B, andthatof totalfunctionsor mappings
is writtenA → B. Applicationof a functionf : A |→ B to anargumentx : A is written
“f . x” andis only usedif theargumentis known to be in thedomainof the function:
x ∈ dom.f , wherefor any relationR thedomainof R is dom.R := {(x, y) : R • x}, and
therangeof R is ran.R := {(x, y) : R • y}.

The set ∗A is the setof finite sequencesof elementsof A; thesesequencesare
consideredto be partial functionsof type IN |→ A with contiguousdomainwhich,
whennonempty, alwaysincludeszero;therefore,if l is a sequence,thenl.i denotesthe
(i + 1)-th elementof l. For any setA, thefunction len : ∗A → IN calculatesthelength
of sequences.

TheidentityrelationonasetA is IA : A → A, andweusuallyjustwrite I. For two
setsA andB, theuniversalrelationis

⊥⊥

A,B := A × B andtheemptyrelationis⊥⊥A,B := ∅;
againweusuallyjustwrite

⊥⊥

and⊥⊥.



For two relationsR, S : A ↔ B, their intersectionisR ∩ S andtheirunionisR ∪ S;
inclusioniswrittenR ⊆ S. Thecomplementof R is

−
R. Theconverseof R is therelation

∪R : B ↔ A, definedby ∪R := {(x, y) : R • (y, x)}.
For two relationsR : A ↔ B andS : B ↔ C, their compositionis R;S : A ↔ C

with R;S := {(x, y) : R; (u, z) : S | y = u • (x, z)} . The transitive closureof a homo-
geneousrelationR : A ↔ A is +R , andthereflexivetransitiveclosureis ∗R .

Whena relationR : A ↔ A is consideredasa graph, a nodey : A is reachable
from anothernodex : A if andonly if (x, y) ∈ ∗R . TherelationR is acyclic if +R ⊆ −

I.
A noder is a source if r ∉ ran.R, and r is a root if it is theonly source(at leastin the
DAG setting).

3 Term Graph Definition
In comparisonwith theuntypedgraphsof [3,5], wepresentasimplifiedformalisation;
for thesakeof brevity wedonot fully formaliseobviousconcepts.However,weimme-
diatelypresenta definitionfor typed termgraphs.For thispurpose,we first formalise
our view of typingwithout referenceto any concretetypingsystem,just regardingthe
typingfunctionasanothertermgraphcomponent.

The“lexicalmaterial”whichwefill ourtermgraphstructurewith isessentiallythe
sameasfor second-orderterms(or metaterms,introducedby Klop [7]), but we donot
introducea separateclassof binders,andwhatusuallyis called“function symbol” is
called“constantconstructor”here,sincewewantto stressthecontrastwith variables:

Definition 3.1. A term graph alphabet is a tuple( � , A, � , � , � ) with theset � of
node labels, thearity function A : � → IN, andapartitionof � into thesets� of labels
for constant constructors, � for bindable variables, and� for metavariables.

In thefollowing weassumeafixedtermgraphalphabet(� , A, � , � , � ).
Themaindifferencesbetweenthefollowingdefinitionandthoseof [3,5]— besides

theintroductionof typing — arethatwe hereonly considerfinite acyclic graphsand
thatthesetof edgelabelsis fixedasthesetof naturalnumbers.

Definition 3.2. A term graph is a tupleG = (� , L, S, D, B, W , T ) with
– � , thefinite nodeset,
– L : � → � , thenodelabelling function,

– S : � → ∗� , thesuccessorfunctionwith L;A = S;len, i.e.,thelengthof thesuccessor
list of eachnodehasto bethearity of its label,

– D : � ↔ � , theassociatedrelation, D := {(x, l) : S; y : ran.l • (x, y)}; obviouslyD
is notaprimitivecomponentbut derivedfrom S; it is listedherefor its importance,

– T : � |→ � , thepartialtyping function,where(D ∪ T ) hasto beacyclic,
– B : � |→ � , thebinding function,wherefor (x, b) ∈ B, thebound variable x hasto

havea labelin � , thebinder b a labelin � , andb dominates1 x in thegraphinduced
by (D ∪ T ),

1 In graphtheory, a nodeb dominatesanothernodex, if for everynodea andeverypathfrom a to x eitherb
lieson thatpathor a is reachablefrom b. Dominationthereforeimpliesreachability.



– W : � ↔ � , thevariable identity, a partial equivalence relation1 definedexactly
on variables, i.e.on nodeswith labelsfrom � ∪ � . Thevariableidentityhasto be
compatiblewith thelabelling:W ;L ⊆ L, andwith thebinding2: W ;B ⊆ B.

Rootsareconsideredwrt. (D ∪ T ), andthetype part of a typedtermgraphis theset
ran.(T ; ∗(D ∪ T ) ) containingall nodesreachablefrom typingnodes.

At first sight it might seemstrangethatwe did not imposeany restrictionon the
interplayof the typing functionwith theotherterm graphcomponents,mostnotably
with variableidentity. But aswe shallseein Sects.6 and8, differenttyping systems
openupverydifferentpossibilitiesandalsoimposedifferentrestrictions,sothatit does
notmakesensetoimposerestrictionsonthelevelof thetermgraphdefinition,especially
sincewestill lack themachineryto formulatemostof theusefulrestrictions.

Termscorrespondingto a rootedterm graphareeasily recoveredby unfolding
recursively alongthe D-Pathsfrom the root — creationof a uniquenamefor every
variableis theeasiestmeansto ensurepreservationof thebindingandvariableidentity
structure.Considerthe following examples(of untypedgraphs,i.e., of graphswith
emptytyping),wheresuccessoredgesareblackarrows with their sequenceindicated
by the left-to-right orderof their attachmentto their sourcenode;binding edgesare
drawn in redresp.asthick, darkgrey, usuallycurvedarrows,andanirreflexivekernel
of variableidentity is indicatedby blueresp.thick mediumgraylines:
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Thefirst two correspondto the terms“ 2 ⋅ 2 + 2 ⋅ 2 ⋅ 1 ” and“ λx.λf .f x ” from arith-
meticresp.λ-calculus.For the last two, let usassumethatA andB aremetavariables
— in HOPS (see[6]), wherethepictureshavebeenproduced,arity is partof thenode
label,sothatunaryandzero-ary metavariablesall aredrawn with the labelV, but ac-
cordingto theirarity they shouldbeconsideredasdifferentlabelsV0, V1 : � in theex-
amples.Thelasttwo termgraphsthencorrespondto themetaterms“ (λ x.B[x]) A ” and
“ B[rec x. B[x]] ”, respectively.

Theconceptof freevariablesiseasytotransfertotermgraphs;especiallyimportant
is the relation betweena binder and thosenodesbelow which its bound variable
occursfreely:

Definition 3.3. A variablenodex is fr eebelow anodea, if thereisa (D ∪ T)-pathfrom
a to x suchthatnobinderof x lieson thatpath;if in thisconstellationx is boundby b,
thenb encapsulatesa. TheencapsulationC : � ↔ � relatesb with a exactlywhen
b encapsulatesa.

1 A partialequivalencerelationis asymmetricandtransitiverelation.
2 Thiscondition,W ; B ⊆ B, meansthatif any nodein anequivalenceclasswrt. W is boundby somebinder,

thenall nodesin that classareboundby the samebinder — note the concisenessandeleganceof the
relationalformulation!



4 Homomorphy
In conventionalterm graphformalismsthereare no boundvariables,and variables
correspondingto our metavariablesarealwayszero-ary. Therefore,whenconsidering
homomorphismsbasedon nodemappings,the imageof sucha variableis thewhole
subgraphstartingat theimagenodeof thevariablenode. In thecaseof second-order
termgraphshowever, therearemetavariableswith successors,andtheir imageshaveto
stop beforetheimagenodesof theirsuccessors.Thereforeweintroduce:

Definition 4.1. An interval in agraphG isapair (t, b) : (� × (IN |→ � )) consistingof
a top node t andafinite lower border b,whichshouldbeconsideredasapartialnodese-
quence.Theinner nodesof theinterval(t,b) arethosenodesthatare(D ∪ T )-reachable
from t via pathsonwhich thereliesnonodeof ran.b. Theinterval (t, b) is coherent if
all nodesin thelowerborder(i.e.all nodesin ran.b) are(D ∪ T )-reachablefrom t.

Not every interval is a reasonablecandidatefor being imageof metavariables;
conditionscorrespondingto “no captureof variables”have to be fulfilled. Auxiliary
conceptsfor dealingwith thisissueare:

Definition 4.2. An interval is consistent, if all nodesencapsulatedby innernodesare
innernodes.Theencapsulationskeletonof aninterval is thesetof thoseinnernodes,
from whichanodein thelowerbordercanbereachedvia a (B ∪ (D ∪ T ))-path.

Themostimportantuseof termgraphhomomorphismsis to serve asmatchings
from rulesidesintoapplicationgraphsfor transformationor rewriting. In thetermcon-
text, matchingisusuallydefinedas“thereexist acontext anda(second-order)substitu-
tion,suchthattheresultof insertingthesubstitutedrulesideinto thecontext is α-equi-
valentto theapplicationterm”— with thedefinitionsof substitutionapplicationandin-
sertioninto contextstakingcareof avoiding“variablecapture”.In termgraphs,amore
directapproachis necessary, andin second-ordertermgraphsthestructurethat is not
thereis almostasimportantasthestructurethatis there,sotheconditionsfor structure
preservationtakeonanunusualshape,andfor avoiding“variablecapture”severalspe-
cial conditionsareneeded.While in [3] weworkedonly with total functionsandin [5]
wewentall thewayto possiblypartialandmultivalentrelations,herewejustpresenta
definitionusingpotentiallypartialfunctions.Thisstill allowsareasonablysimpletreat-
mentof theimagesof metavariables:

Definition 4.3. If for two graphsG1 andG2, a partialfunctionF : � 1 |→ � 2 is given,
thentheimageinterval for ametavariablenodem : � 1 with m ∈dom.F andL1.m ∈ �
is definedto betheinterval (F .m, (S1.m);F).

The fact that we only consideracyclic graphsandhomomorphismswith rooted
domaingraphshelpsconsiderablyto keeptheconditionssimple:

Definition 4.4. A metavariable basein atermgraphG isasetv of metavariablenodes
thatis closedundervariableidentity.

Definition 4.5. A v-fitting fromatermgraphG1with metavariablebasev toatermgraph

G2 is a functionF : � 1 |→ � 2 that(welet F0 := F ∩
−
v × � 2 betheconstant part of F

relativeto v)



– preserves labels: F ∪

0
;L1

⊆ L2 ,

– preserves successors: ∀(n1, n2) : F0 • S1.n1
⊆ (S2 .n2);

∪F ,

– is coherent andconsistent: theimageinterval of everymetavariablenodein dom .F
is coherentandconsistent,

– strictly preserves binding: F ∪

0
;B1 = B2

;F ∪

0 ,

– strictly preserves variables: W1
;F0 = F0

;W2 ,

– respects equally bound variables: F0
;W2

;F ∪

0 ∩ B1
;B ∪

1
⊆ W1 ,

– respects free variables: F0
;W2

;F ∪

0 ∩−B1
;

⊥⊥⊆ W1 ,

– controls variables: if for somemetavariablenodem : � 1 in dom .F, a variablenode
x2 in theimageinterval of m is freebelow F.m, thenthereisno(variable)nodex1 : � 1
in dom.F0, suchthat(F0 .x1, x2) ∈ W2 .

– preserves typing: ∪F ;T1
⊆ T2

;
∪F , andpreserves typelessness: F ;T2

⊆ T1
;F.

Notethattheconditionsfor thetypingmustnotberestrictedto theconstantpartof F.
For linear termgraphs,i.e.wherethevariableidentity restrictedto metavariables

is trivial, this is alreadythedefinitionof homomorphisms;for non-lineartermgraphs
we need a conceptof “isomorphism up to sharing” betweenimage intervals of
metavariables,sowedefine:

Definition 4.6. A correspondencebetweentwo intervals(t1, b1) and(t2, b2) in agraph
G is a relationH : � ↔ � onthenodesetfulfilling thefollowing conditions:
– H exactlycoverstheinnernodes:dom.H is thesetof theinnernodesof (t1, b1), and

ran.H is thesetof theinnernodesof (t2, b2),
– H preservesupperborders:if H is non-empty, it relatest1 exactly to t2 and vice

versa,
– H preservesnodelabels:H ;L ⊆ L ,
– H preservessuccessors:(H || I);S ⊆ S ;(H ∪ ∪

b1
;b2) ,

– H preservesbindingson internallyboundnodes:
H ;B ∩

⊥⊥

;H ⊆ B;H ⊆ H ;B and ∪H ;B ∩

⊥⊥

;
∪H ⊆ B;

∪H ⊆ ∪H ;B,
– H respectsthedistinctnessof nodesinternallyboundby thesameconstructor:

∪H ;W ;H ∩

⊥⊥

;H ;B ∩ B;
∪B ⊆ W,

andsodoes ∪H ,
– H preservesvariables:H ;W ∩

⊥⊥

;H = W ;H ∩ H ;

⊥⊥

,
– H stayswithin thesamevariablefor variablesthatarenot internallybound:

H ∩−B;H ;

⊥⊥

∩ W ;

⊥⊥⊆ W,
– H preservestyping: H ;T ∩

⊥⊥

;H = T ;H ∩ H ;

⊥⊥

.

It is relativelyeasyto seethatfor acorrespondenceH, its converse ∪H isacorrespond-
ence,too. Also theidentityrelationrestrictedto theinnernodesof aconsistentinterval
obviouslyisacorrespondence,andit canbeprovedthatthecompositionof twocorres-
pondencesisagainacorrespondence.Existenceof correspondencesbetweenconsistent
imageintervalsof metavariablesis thereforeanequivalencerelation,andit is natural
to define:



Definition 4.7. A v-homomorphism is a v-fitting wherefor every two metavariable
nodesin W1 ∩ (v × v) thereis acorrespondencebetweentheir imageintervals.

Without furtherrestrictions,thesehomomorphismsarenotcomposable,but in [3]
we have shown that this is not necessary
for being able to definea soundrewriting
concept(seealso[4]).

As an examplehomomorphism(indi-
catedby the thin, dark grey (violet) arrows)
weshow anuntypedβ-redex to theright.
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5 Well-TypedTerm Graphs
We now introducea meansto distinguishwell-typed term graphs. The systemwe
proposeisasystemthatcouldequallywell beemployedfor untypedtermgraphs;there
it wouldallow tomakedistinctionsthatarenotcoveredbyDef.3.2,suchaswhichnode
labelsareallowedasbinders,andbelow which successorsboundvariablesmayoccur
(a stepin the directionof the general“binding structures”of [11]). As shown here,
thesystemstill maybeusedtowardsthesepurposes,althoughits mainmotivationis to
ascertainlegal typing.

We define“typing elements”asschemagraphsthat encodewhat “locally legal”
shouldmeanfor agraph:

Definition 5.1. A typing elementisatypedtermgraphG whicheitheris rootedor has
all its sourcesrelatedto eachotherby thevariableidentity, andwhereall successorsof
thesourcenodesaremetavariablesandall successorsof thosemetavariablesarebound
by therootnode.Sucha typingelementis saidto befor thelabelof its rootnode.

Herewe assumethat all bindablevariableshave zeroarity; otherwisethe same
conditionswouldhaveto beenforcedfor themasfor thesources.

We provide three example typing elementsfor simply-typed λ-calculusand
threemorefor arithmetics— thetyping function is denotedby greenresp.thin, light
grey arrows:
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Obviouslytypingelementscloselycorrespondtotypingrulesin typederivationsystems
asthey canbefounde.g.in thepure type systems of [1]. For reasonsof spacewerefrain
from formalisingthisrelation,sincethenwewouldhaveto introducetheformalismof
puretypesystems,too;weonly state:

Proposition 5.1. As long asthereis no reductionamongtypes,thereis a one-to-one
correspondencebetweentypingelementsandtypingrulesof puretypesystems.

Justasonly a setof rulesdefinesa languagein puretypesystems,only a setof
typingelementsdefinesa typedtermgraphlanguage:



Definition 5.2. A term graph languageis a set � of typing elements,suchthat �
containsatmostonetypingelementfor eachnodelabell : � .

Therestrictionthatthereisatmostonetypingelementfor everynodelabelmightbe
relaxedfor implementingakind of overloading,but weshallnotpursuethatpossibility
in thispaper. In contrasttomosttypingsystems,thatbuild onsomekindof derivationor
inference,weuseamoresimultaneousconcepthere;wesimplydefine“globally legal”
as“locally legal everywhere”:

Definition 5.3. A typedtermgraphG iswell-typedwrt.atermgraphlanguage� if for
everynoden : � of G thereis a typingelementτ for L.n andahomomorphismfrom τ
into G thatmapsasourcenodeof τ to n.

Notethatatypingelementisnecessaryfor every node,andnotonlyfor everytyped
node— this exactly correspondsto thesituationin puretypesystems,wherea trivial
type “ ” is given to thosetermsthat correspondto term graphnodeswithout type.
Otherwisethis definitionwould for examplenot beableto ensureconsistency in the
presenceof dependenttypes.For graphicallyconveying theideabehindourdefinition
of well-typedness,wedraw atypedversionof theβ-redex examplefrom below Def.4.7
onceseparatelyandoncetogetherwith two examplehomomorphismsfrom thetyping
elementsfor functionapplicationandλ-abstraction.

@�

Num�
@� →�

λ
�

→�

x

λ
�

x

×

−

5�
+�

+�
1 2

@�@�

Num�

@�

→�

λ
�

→�

x

λ
�

x

×

−

5�
+�

+�
1 2

T

V

→�
T

Vλ
�

→�

T
T

x

V

For beingableto discusspropertiesof termgraphlanguages,we first introducea few
classificationsof typingelements:

Definition 5.4. A typingelementis called
– separated, if f it containsno (D ∪ B)-edgesbetweentypedanduntypednodes,
– well-typed wrt. � , if f its typepartis well-typedwrt. � .
– first-order , if f all metavariablescontainedin thetypepartarezero-ary.

For thekind of typing elementswe have seensofar, a principaltypepropertyis easy
to establish:
Theorem 5.1 (Principal Types). If the term graphlanguage� fulfils the following
conditions:
– all typingelementsareseparatedandfirst-order,

– therelationQ : � ↔ � with Q := {G : � ; l : ran.(TG
;D∗

G
;LG) • (LG .rG, l)} , where

rG denotestherootof graphG, is acyclic,

– if G is a typingelementfor l in � , thenG is well-typedwrt. thesub-languageof �
for thelabelsthatarereachablefrom l in Q,



thenthereis a principal type for every graphin thefollowing sense:Let theprogram
part of a graphbe the untypedsubgraphinducedby all typednodes(closingit wrt.
successors,binding, and bound variables);then amongall well-typed graphswith
isomorphicprogrampartsthereis alwaysonefrom which thereis a homomorphismto
everyother.

Term graph languageswith theserestrictionscorrespondto simple parametric
polymorphism;full Hindley-Milner polymorphismwith let-polymorphismrequires
featuresof typeabstraction,seeSect.8.2. Otherprincipaltyperesultscanalsobecarried
over to thetermgraphsetting.

6 Typing Elementsfor Variables
Thedefinition5.3of well-typednessimpliesthattherealsohave to betypingelements
for variables.Sincevariablesmayconsistof many nodes,andsincetheconditionof
strict variablepreservation(Def. 4.5) demandsat leastasmany variablenodesin the
sourceasin thetarget,thetermgraphlanguage(Def.5.2)whichis usedasthebasisfor
well-typednessmayseverelyrestrictpossiblevariableoccurrences.

For example,if for the boundvariablelabel x thereis only onetyping element
x T , this implies that on x-nodesthe variableidentity is trivial. HOPS currently
restrictsboundvariablesin thisway, which is only naturalin a termDAG setting.

With metavariables,ontheotherhand,sucharestrictionisnotfeasibleanymore,at
leastnot for metavariableswith successors.For untyped(i.e.,type-level)metavariables
without successors,HOPS alsoprovidesonly onetypingelement,sincein HOPS the
typepartof everytermDAG is keptmaximallyidentified.

Obviously, if morethanonenodepervariableisgoingtobeallowed,it makeslittle
senseto imposeotherrestrictionson thenumberof thosenodes,sowe needinfinitely
many typingelementsfor everymetavariablelabelconcerned.

For untypedmetavariableswith untypedsuccessors,thisisnotabigproblemsince
their typingelementswill haveemptytypingandtheonly restrictiononemight impose
is that the differentnodesof onevariablesharedtheir successors.However, sucha
restrictionseemsto bedifficult to motivate.

For theothercasestherearemorepossibilities.Let usrestrictourattentionhereto
typedmetavariableswith typedsuccessors,which is alsotheonly kind currentlyfully
supportedbyHOPS. In HOPS, for everypositiveintegern andeverynaturalnumberi a
typingelementisassumedfor n i-arytypedmetavariablenodesall relatedbythevariable
identity;thesuccessorsareall distinctzero-arytypedmetavariableswith trivial variable
identity,andtherearei + 1zero-aryuntypedmetavariableswith trivial variableidentity,
onefor thesourcesandonefor everysuccessorindex. Weshow thetypingelementsfor
(n, i) ∈ {(2, 0), (2, 1), (3, 1), (2, 2)}:
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V�

V�
V�

V�
T�
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V� V�
Well-typednesswith suchatermgraphlanguageimpliesverysimplerestrictionsonthe
typing functionwhich canalsobeexpresseddirectly: All nodesof a variablehave to



havethesametype:W ;T ⊆ T, andthecorrespondingsuccessorsof thedifferentnodes
of onevariablehavethesametype:∀(x, y) : W • (S.x);T = (S.y);T.

We shall seemoregeneraltyping elementsfor metavariablesin Sect.8 together
with theframeworksthatmakethemnecessary.

7 Construction StepHomomorphisms— Towards TypedTerm
Graph Grammars
In this sectionwe show how stepwiseterm graphconstruction— asfor examplein
an interactive system— can be viewed as a sequenceof homomorphisms.These
“constructionstephomomorphisms”belongto a few simpleclasses,which together
canbeconsideredto defineaspecialkind of graphgrammarwhichiscloselyrelatedto
algebraicgraphgrammars,sinceit reliesoncategory-theoreticconcepts.

It is important to note that in this sectionhomomorphismsare restrictedto
homomorphismsbetweenwell-typedgraphswrt. sometermgraphlanguage.

Thesimplestkindof homomorphismthatissometimesneededduringconstruction
doesnot instantiateany metavariables:

Definition 7.1. An identification is a homomorphismwith emptymetavariablebase;
i.e.,it is an∅-homomorphism.

Identificationsstandin aone-to-onecorrespondencewith congruencerelationson
termgraphs;for everyidentificationF, theequivalencerelation ∗(F ;

∪F ) isacongruence,
andfor everycongruence,thequotientprojectionis anidentification.

Sincewerestrictourselvestofinitegraphs,everyidentificationcanbebrokendown
into a sequenceof “primiti ve identifications”,the correspondencesof which arethe
correspondenceclosureof two-nodesets.

Isomorphismsbetweentypedtermgraphsmayinstantiatemetavariablesin thatthe
onlyvisiblechangethatcanbebroughtaboutbyisomorphismsisconsistentpermutation
of thesuccessorsof metavariables.

Similar to theidentificationof two nodes,thereis thepossibilityof unificationof
two nodes.But sincethisin generalbringsaboutthenon-determinismof second-order
unification,wehaveto restrictourselvesto simpledeterministiccases:

Definition 7.2. A replacementof ametavariablenodev with anothernoder which is
not a successorof v is a homomorphismF which unifiesv andr andwhich uniquely
factorisesany othersuchhomomorphism.

It is comparatively easyto seethat if sucha replacementexists,thenthereplace-
mentis uniqueup to isomorphism.Replacementscanalsobe regardedasspecialin-
stancesof thefollowing:

Definition 7.3. An internal instantiation of ann-arymetavariablenodev in G1 with an
interval (t, b) in G1 is anequaliserof thefollowing two homomorphismsF andG from
theGraphG0 containinga (1, n)-typingelementfor thelabelof v:

– F is totalandmapsthesourceof G0 to v,

– G mapsthesourcer0 of G0 to t andbehavesasb onthesuccessors:(S0 .r0);G = b.



(Suchan equaliseris a homomorphismsuchthat F ; H = G ; H andwhich uniquely
factorisesany othersuchhomomorphism.)

Thoseinternalinstantiationswheretheinterval hasanemptylowerborderarejust
thereplacementsof above.

Definition 7.4. An external instantiation of ann-ary metavariablenodev in G1 with
aninterval (t,b) in G2 isapushoutof thefollowing twohomomorphismsF andG from
theGraphG0 containinga one-sourcetyping elementfor a metavariablewith typing
compatibleto thatof v andwith arity m ≤ n:
– F is totalandmapsthesourceof G0 to v,

– G mapsthesourcer0 of G0 to t andbehavesasb onthesuccessors:(S0 .r0);G = b.

(Sucha pushoutis a “pushoutgraph”G3 togetherwith two homomorphismsHF from
G1 to G3 andHG from G2 to G3 suchthatF ;HF = G;HG andHF andHG uniquelyfactorise
any otherconstellationlikethat.)

Thepushoutsof externalandtheequalisersof internalinstantiationsneednotexist;
thisfactusuallycorrespondsto theattemptto introducea typeerror.

Externalinstantiationswith simpleintervalsandwith themetavariablein G0 having
the samearity asthe instantiatedmetavariablecanserve to cut or permuteoutgoing
edgesof metavariables;anotherimportantinstantiationusesanintervalwhereonelower
bordernodeis identicalto thetopnode,thus“shrinking” everynodeof theinstantiated
metavariableto its correspondingsuccessor.

Besidestheselanguage-independentinstantiations,themost importantarethose
whereG0 containsa zero-arymetavariablemappedto sometyping elementasG2; in
thesecasesthe metavariablesin the typing elementhave the arity of the instantiated
metavariableaddedto theirs:
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Rewriting of ourtypedtermgraphsisdefinedessentiallyin thesamewayasin [3,4]via
thefibredapproach,a generalisationof thetraditionaldouble-pushoutapproach.For
reasonsof spacewedonotpresentthishere.



8 AdvancedInstances
In thissectionweshow how threekindsof advancedtypesystemscanbetransferredto
thetermgraphsetting.For reasonsof spacewehavetoassumethatthereaderisalready
familiar with thebasicsof therespective systems.Althoughtheexamplescanstill be
constructedanddrawn in HOPS, noneof themhasbeenimplementedsofar because
of theproblemswith second-orderunification.

8.1 RecursiveDatatypesand Polytypic Programming

Theessentialfeatureof polytypicprogramming— seee.g.[8] — isanexplicit recursion
operatorencapsulatingasecond-ordervariableonthetypeside;thisvariablestandsfor
someappropriatefunctor, andthe whole constructthenstandsfor the (usually)least
fixedpointof thatfunctor.

The basic functions necessaryfor programmingon theserecursive datatypes
arethe isomorphismsabstr and repr betweenthe fixed-pointdomainand its images
underthefunctor. Therefore,weneedthefollowing threetypingelements— they are
all separated:
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Theisomorphismpropertiescanbeexpressedasrules1:

I-
→.
T/

Rec0

t
1
T

comp2
abstr3

→.
repr4

→. I-
→.

Rec0

t
1
T

comp2
repr

→.
T

abstr3 →.

For thefirst rule,thisis indeedtheprincipaltype(whenlimited to maximallyidentified
type parts);the secondrule, however, alsohasanother“simplest” type relying on a
nestedrecursionandwhichisincomparabletothegiventype— assoonassecond-order
typing elementsareused,automaticunificationcannotbe usedanymorebecauseof
theseambiguitiesof second-orderunification. In HOPS, it is plannedto make some
user-assistedsolutionavailable.

1 A termgraphrule is a termgraphtogetherwith two distinguishednodes;thesetwo nodesareindicatedby
thick long-tipped orangeresp.grey arrows in HOPS drawingsandarethe rootsof the rule’s left-hand
side andright-hand side, respectively. Sincerewriting is not thetopicof thispaper, wedonot explain the
ruleapplicationmechanismhere,let usonly mentionthatfor multi-nodemetavariableswith successors,no
matterwhethertypedor untyped,theencapsulationskeletonof their imageontheleft-handsideshasto be
copiedfor constructingtheir imageon theright-handside.



Now, the most popular polytypic functions are probably polytypic map and
catamorphisms;wegivethetypingelements:
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For specificfunctors,maps canbespecialisedto known functions,asin thefollowing
examplerules,whichrecognisethefunctorinvolvedby theirsensitivity to typing,since
their left-handsidesdonot haveprincipaltypes(pupd is — asobviousfrom its typing
— functionproduct):
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Thebasicrule for catamorphismsallowsanunfoldingof thetransferredfunctor, i.e.,a
map, to acatamorphismprecededby anabstr; seethedrawing to theleft:

comp

→�
T

Rec�

t
6T

T

map5

→�
T

Catamor5

→�
V

→�

comp

abstr

→�

Catamor5
→�

Rec�

t
6

T

T

Rec�

t
6T

T

comp

→�

T
map5

→�
T

V →�

abstr

→�map5

Togetherwith themap rulesfor thedifferenttypeconstructors— totherightabove,there
isthemap rulefor datatyperecursion— it ispossibletotransformarbitraryspecificlegal
catamorphismsinto generalrecursionsjustby applyingthesetype-sensitiverules.

8.2 Second-orderλ-Calculus

In second-orderλ-calculus,thereis a differentkind of abstractionon the type level,
usuallydenoted“∀”; weshallusethelabelforall.Thisthenentersthetypingelementsof
a secondkind of λ-abstractionandapplicationtogetherwith multi-nodesecond-order
metavariables:

forall;

t
<
T

Lambda forall

t
<
T=

t
<

V> T=
Apply? T

TV

forall

t
<T



Thelast two typing elementsarenot separated:in theabstraction,thereis anuntyped
variableboundat the typedLambda node,andthe typedApply nodehasan untyped
secondsuccessor. The β-reductionrule for this type abstractionnicely shows the
interplaybetweenboundvariablesandmetavariables,andwith respectto thediscussion
in Sect.6 wealsoshow a typingelementfor theunarytypedmetavariableusedhere:
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8.3 DependentTypes

Dependenttypesare to a certainextent “dual” in a syntacticsenseto second-order
λ-calculus;herethebordercrossingsbetweenprogramandtypepartrunin thecontrary
direction,and therearealreadybordercrossingsin the typing elementfor the type
constructorPi:atypedvariablex (whichhasatypingelementx T of itsown)isbound
at theuntypedPi, andis successorof anuntypedunarymetavariable:
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In thetypingelementof λ-abstraction,thetypedboundvariablex isalsosuccessortoan
untypedunarymetavariable,andthisdoesnotviolatetheconditionthatbindersshould
dominateboundvariablesbecauseof themodifiedreachability. In thetypingelementof
application,finally,azero-arytypedmetavariableoccursassuccessorof aunaryuntyped
metavariable— an indicationthatwe have to bevery carefulin this kind of calculus
sincenow applicationof rulesontheprogramsidemayat thesametimebeonthetype
side. Thepicturesof theruleof β-reductionandof themetavariabletypingelementare
astonishinglysimilar to thosefor second-orderλ-calculus:

@G
TH
V T

lambdaI Pi

xJ
TH

xJ
V T

VK V
T=

V>T=

V>
T

V>

9 Conclusion
Wehaveintroducedaformalismthatallowsalargeclassof typesystemstobetranslated
tothetermgraphsettingin averyhomogeneousway. Theexplicitnesswith whichall the
structureincludingtyping is incorporatedinto our termgraphsmakesthemextremely
useful for humaninteractionwith complex formalisms— in fact,our formalisation
is the resultof long-runningefforts to provide the graphicallyinteractive term graph
programmingsystemHOPS [6,13] with an appropriatetyping systemboth from the



implementationpointof view andfrom theoreticalconsiderations.
Anotherpotentialusefor our internallytypedtermgraphsis to serve asinternal

datastructurein symboliccomputationsystemsincluding interpretersandcompilers,
true to the recenttrend to keep typing information until much later phasesin the
compilationprocess.
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