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Abstract. Wepresenatypingconcepfor secondsrdertermgraphghatdoesot
considetthetypesasanexternaladden, but asanintegral partof thetermgraph
structure.Thisallowsahomogeneouseatmenbf termgraphrepresentationst
mary kindsof typing systemsincluding secondsrderA-calculiandsystemsf
dependentypes. Applicationscanbefoundin interactve systemsandastyped
intermediateepresentatiofor examplein compilers.

1 Intr oduction

Termgraphshave originally beenintroducedasefficientrepresentationsf terms. The
key to this efficieng is the possibility of sharing of whaton the term sideareequal
substructuresLinearnotationsystemgor termgraphgsuchasin somefunctionalpro-
grammindanguagesyftenusenamesdoundby e.g.wher e-clauseso expressharing;
thiskind of bindingis percevedasdifferentfrom thatintroducedoy A-abstractiongas
representedh termgraphse.g.by Wadsworth,theinventorof graphreduction12], the
differencebeingthatthenamedoundby wher e-clauseslonotappeain thegraph put
thoseboundby A-abstractionslo.

In previouswork [3] wetookthestepto consideiboth usef boundvariablenames
only ascoding of structurethatcanbe madeexplicit with anappropriatedefinition of
termgraphs.Thestructureelemenencodedywher e-bindingsistraditionallyexplicit
in term graphsasthe possibility that nodeshave several predecessorshe structure
elementencodedyy the namesandscope®f A-boundvariabless in thefirst instance
thatof variable binding, a functionthatassign®very boundvariableits binder andin
the secondnstancethat of variable identity, an equivalencerelationamongvariables
which makesexplicit which variableoccurrencebelongto thesamevariable.

Thisprincipleof rigourouslymakingstructuresxplicit is now appliedto typingin
thispaper

In conventionaltyping systemstypesareassignedo terms. But whenformally
reasoningboutterms,usuallythe correspondingbstract syntax trees areconsidered
instead.Now treescannot only be consideredasa free algebrawheretreesarebuilt
from constituentgsubtreesyia operatorsthey canalsobe consideredasa special
kind of directedgraphswherea nodemayhave successonodes. Thereforethetypes
of termsin corventionalsystemscorrespondo typesof nodesin term graphs,and
wherecorventionalsystemselatethetypesof termswith thetypesof theirimmediate
constituentsa termgraphtyping systemshouldrelatethetype of a nodewith thetype
of its successonodes.



Furthermoretypesusuallyareagaintermsof somdanguagesowhenwerepresent
termsandtheir subtermsasnodesin a term graph,we canequallyrepresentypesas
nodesn atermgraphof types. Now therearesystemghatuse(sublanguagesf) the
sameanguagdor programsandtypes,andthatevenallow reference$rom programs
to types(asin second-ordek-calculi)or from typesto programterms(asin dependent
types) soit seem®nly naturalto considera programandits type aspartsof oneterm
graphthatis enrichedwith anadditionaltyping function from programnodesto their
typenodes.

After establishingomenotationin Sect2,wedefineinternallytypedsecondsrder
termgraphsn Sect3andtheirhomomorphismi Sect4. Theprinciplesof anappre
priateframeawvork for typing systemsarelaid outin Sect5, with somedetailsaboutthe
typingof multi-nodevariabledeft to Sect6. Section7 shavshow ourtypedtermgraphs
canbeconsideredo resultfrom akind of algebraigraphgrammars Finallyweshortly
present few morecomplicatedyping systemsn Sect.8 for giving animpressiorof
thepower of our formalism.

2 Notation

In ourformalisationwe frequentlyuserelationaloperationsincethisallowsveryclear
andconcisgormalisationsn thecontext of graphsseee.g.[9, 2].

For mary purposeswe use partsof the Z-notation[10], most notably for set
comprehensionshereZ useshepattern‘{signature | predicate « term}” insteadof
the otherwisefrequentlyobsened “{term | predicate}”. Sowe have asanexample
{n:IN|n<4.n% ={0,14,9}. If thepredicatds constantlytrue thenwe canalso
write “{signature « term}”, e.g.{X : IB ¢ (X,X)} = {(True, True), (False, False)}; if theterm
is justthetupleof thevariablesntroducedn the signature, thenanothempossibilityis
“{signature | predicate}”, e.g.{X,y : IB | x # y} = {(True, False), (False, True)}. Quanti
ficationusegshesamepatternsheremostfrequentlythepredicates omitted sowe have
for exampledx : IN ¢ x + 1> x. Thepowersetof asetAiswrittenIP.A

Thesetof relationsdbetweertwo setsAandB iswrittenA - B andis equalto the
power setof thecartesiamproduct(A - B) := IP.(Ax B). Thesetof univalentrelations
or partialfunctionsfrom Ato BiswrittenA + B, andthatof totalfunctionsor mappings
iswrittenA - B. Applicationof afunctionf : A  Btoanargumentx : Aiswritten
“f .X" andis only usedif theargumentis known to bein thedomainof the function:
x Odom.f, wherefor ary relationR thedomainof Risdom.R := {(x,y) : R« x}, and
therangeof Risran.R := {(X,y) : R+ y}.

The setA” is the setof finite sequencesf elementsof A; thesesequenceare
consideredo be partial functionsof typeIN + A with contiguousdomainwhich,
whennonemptyalwaysincludeszero;thereforejf | is asequencehenl.i denoteshe
(i + 1)-th elementof . For ary setA, thefunctionlen : A” _. IN calculateshelength
of sequences.

TheidentityrelationonasetAis|, : A — A andweusuallyjustwrite . For two
setsAandB, theuniversalrelationis(l, , := Ax B andtheemptyrelationis [, , := [;
acpinwe usuallyjustwrite [ and . '



FortworelationsR, S: A « B, theirintersections R n SandtheirunionisRO S
inclusioniswrittenR U S. Thecomplemenbf RisR. Thecorverseof Ristherelation
R” :B « AdefinedoyR" := {(X,y) : R+ (¥, X)}.

For two relationsR : A » BandS: B ~ C, theircompositionsRS: A « C
with RS := {(X,y) : R; (u,2) : S|y =u* (X,2)} . Thetransitve closureof a home
geneouselationR : A . AisR", andthereflexive transitive closureis R™

WhenarelationR : A « Ais consideredisagraph, anodey : Aisreachable
from anothemodex : Aif andonlyif (x,y) OR". TherelationRisacyclicif R* [ I.
A noder isasourceif r Oran.R and r isaroot if it istheonly source(atleastin the
DAG setting).

3 Term Graph Definition

In comparisorwith theuntypedgraphsof [3,5], we presenta simplifiedformalisation;
for thesale of brevity wedonotfully formaliseobviousconcepts However, weimme-
diatelypresenta definitionfor typed term graphs.For this purposeyve first formalise
our view of typing without referencdo ary concretetyping systemjust regardingthe
typing functionasanothettermgraphcomponent.

The“lexical material"whichwefill ourtermgraphstructurewith isessentiallyhe
sameasfor second-ordeterms(or metatermsintroducedby Klop [7]), but we do not
introducea separatelassof bindersandwhatusuallyis called“function symbol”is
called“constantconstructor’here sincewe wantto stresghecontraswith variables:

Definition 3.1. A term graph alphabetis atuple(L, A, C, B, M) with thesetL of
nodelabels, thearity function A : £ - IN, anda partitionof £ intothesetsC of labels
for constant constructors, BB for bindable variables, and M for metavariables. O

In thefollowing we assuma fixedtermgraphalphabe(Z, A, C, B, M).

Themaindifferencebetweernhefollowingdefinitionandthoseof [3,5]— besides
theintroductionof typing— arethatwe hereonly considerfinite agyclic graphsand
thatthe setof edgelabelsis fixedasthe setof naturalnumbers.

Definition 3.2. A term graph isatupleG = (N, L, S,D, B, W, T) with

— N, thefinite nodeset

— L : N - L, thenodelabelling function,

- S: NV - N thesuccessofunctionwith LA = Slen, i.e.,thelengthof thesuccessor
list of eachnodehasto bethearity of its label,

— D:N o N, theassociatedelation, D := {(x,]) : S;y :ranl « (X,y)}; obviouslyD
is nota primitive componenbut derivedfrom S it is listedherefor its importance,

— T :N & N, thepartialtyping function,where(D O T) hasto beagyclic,

— B: N & N, thebinding function,wherefor (x, b) OB, thebound variable x hasto
have alabelin B, thebinder b alabelin C, andb dominates' x in thegraphinduced
by OT),

1 In graphtheory anodeb dominatesanothemodey, if for every nodea andevery pathfrom ato x eitherb
liesonthatpathor ais reachablérom b. Dominationthereforampliesreachability



- W : N o N, thevariable identity, a partial equivalencerelation' definedexactly
onvariables i.e.on nodeswith labelsfrom B 00 M. Thevariableidentity hasto be
compatiblewith thelabelling:W:L U L, andwith thebinding: W:B Ll B.

Rootsareconsideredvrt. (D [0 T), andthetype part of atypedtermgraphis theset

ran.(T:(D O T) ) containingall nodeseachabldérom typingnodes. O

At first sightit might seemstrangethatwe did notimposeary restrictionon the
interplayof thetyping functionwith the otherterm graphcomponentsimnostnotably
with variableidentity. But aswe shallseein Sects6 and8, differenttyping systems
openup verydifferentpossibilitiesandalsoimposedifferentrestrictionssothatit does
notmakesensdoimposerestriction®onthelevel of thetermgraphdefinition,especially
sincewe still lack themachinenito formulatemostof theusefulrestrictions.

Termscorrespondingo a rootedterm graphare easily recoreredby unfolding
recursvely alongthe D-Pathsfrom the root — creationof a uniquenamefor every
variableis the easiesteango ensurepreserationof thebindingandvariableidentity
structure. Considerthe following examples(of untypedgraphs,.e., of graphswith
emptytyping), wheresuccessoedgesareblack arravs with their sequencéndicated
by the left-to-right order of their attachmento their sourcenode;binding edgesare
drawn in redresp.asthick, dark grey, usuallycurved arravs, andanirreflexive kernel
of variableidentityis indicatedby bluerespthick mediumgraylines:

/\\ *\ 1/@\ |

Thefirst two correspondo the terms* 2 [2 + 2 [R (1" and” AX.Af .fx” from arith-

meticresp.A-calculus. For thelasttwo, let usassumehat A andB aremetavariables
— in HOPS (se€]6]), wherethe pictureshave beenproducedarity is partof thenode
label,sothatunaryandzeroary metavariablesall aredravn with thelabelV, but ac

cordingto their arity they shouldbe consideredsdifferentlabelsV,, V, : M in theex-

amples.Thelasttwo termgraphghencorrespondo themetaterm$ (A x.B[x]) A” and
“ B[rec x.B[X]]”, respectiely.

Vv
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Theconcepbf freevariabless easytotransfetotermgraphsgespeciallymportant
is the relation betweena binder and those nodesbelav which its bound variable
occurdfreely:

Definition 3.3. A variablenodex isfr eebelow anodes, if thereisa (D O T)-pathfrom
ato x suchthatno binderof x lieson thatpath;if in thisconstellatiorx is boundby b,
thenb encapsulates. TheencapsulationC : N « N relatesh with a exactlywhen
b encapsulates O

1 A partialequivalencerelationis a symmetricandtransitive relation.

2 Thiscondition,W:B U B, meanghatif any nodein anequivalenceclasswrt. W is boundby somebinder
thenall nodesin that classare boundby the samebinder— note the concisenesand eleganceof the
relationalformulation!



4 Homomorphy

In conventionalterm graphformalismsthere are no bound variables,and variables
correspondindgo our metavariablesarealwayszero-ary Thereforewhenconsidering
homomorphismé&asedon nodemappingstheimageof sucha variableis the whole
subgraptstartingat theimagenodeof thevariablenode. In the caseof second-order
termgraphshowever, therearemetavariableswith successorgndtheirimageshaveto
stop beforetheimagenodesof their successorg hereforeweintroduce:

Definition 4.1. Aninterval in agraphG isapair(t,b) : (M x (IN + A)) consistingof
atop nodet andafinite lower border b, whichshouldbeconsiderecsapartialnodese
quence.Theinner nodesof theinterval (t,b) arethosenodeghatare(D O T)-reachable
fromt via pathsonwhichthereliesnonodeof ran.b. Theintenal (t, b) is coherent if
all nodesn thelower border(i.e.all nodesn ran.b) are(D O T)-reachablédromt. 0O

Not every interval is a reasonableandidatefor beingimageof metavariables;
conditionscorrespondingo “no captureof variables’have to be fulfilled. Auxiliary
conceptdor dealingwith thisissueare:

Definition 4.2. An intenal is consistentif all nodesencapsulatedy innernodesare
innernodes.Theencapsulationskeletonof aninterval is thesetof thoseinnernodes,
from which anodein thelower bordercanbereachediiaa (B 00 (D O T))-path. O

The mostimportantuseof term graphhomomorphismss to sene asmatchings
from rule sidednto applicationgraphdor transformatioror rewriting. In thetermcon
text, matchings usuallydefinedas“thereexist a context anda (secondsrder)substitu
tion, suchthattheresultof insertingthe substitutedule sideinto thecontet is a-equi
valenttotheapplicationerm” — with thedefinitionsof substitutiorapplicationandin-
sertioninto contetstakingcareof avoiding“variablecapture”.In termgraphsamore
directapproachs necessaryandin secondsrderterm graphsthe structurethatis not
thereis almostasimportantasthe structurethatis there sothe conditionsfor structure
preserationtake on anunusuakhapeandfor avoiding “variablecapture”severalspe
cial conditionsareneeded.While in [3] we worked only with total functionsandin [5]
wewentall thewayto possiblypartialandmultivalentrelationsherewe just presena
definitionusingpotentiallypartialfunctions Thisstill allowsareasonablgimpletreat
mentof theimagesf metavariables:

Definition 4.3. If for two graphsG andG,, a partialfunctionF : /\/l b /\/2 is given,
thentheimageinterval for ametavariablenodem : leith m Odom.F andL,.m O M
is definedto betheinterval (F.m, (S;.m):F). O

The fact that we only consideragyclic graphsandhomomorphismsvith rooted
domaingraphshelpsconsiderablyo keepthe conditionssimple:

Definition 4.4. A metavariable basein atermgraphG isasetv of metavariablenodes
thatis closedundervariableidentity. O

Definition 4.5. A v-fitting from atermgraphG with metavariablebasevtoatermgraph

G, isafunctionF : N} + N, that(weletF, := F n v x A/, betheconstant part of F
relativetov)




— preserveslabels: FOD:L1 0L,

— preservessuccessors: [J(n1,n2) : Ky« S.n g (SZ.Q);FD ,

— is coherent andconsistent: theimageinterval of every metavariablenodein dom.F
is coherenfandconsistent,

— strictly preservesbinding: F;":B, = B, F" ,

strictly preservesvariables: W F) = F;W, ,

respects equally bound variables: FyW,F” n BB, U W,

respectsfreevariables: FO:WZ;FO” nBOUwW,

controls variables: if for somemetavariablenodem : NV, in dom.F, avariablenode

% in theimageinterval of mis freebelov F.m, thenthereis no (variable)nodex : Nl

in dom.F,, suchthat(F,.x, %) OW, .

— preservestyping: F T, U T;F ", andpreservestypelessness: F:T, Ul T F. O

Notethattheconditionsfor thetyping mustnot berestrictedo the constanpartof F.
For linear termgraphsj.e.wherethevariableidentity restrictedto metavariables
is trivial, this is alreadythe definition of homomorphismsfor non-linearterm graphs
we needa conceptof “isomorphismup to sharing” betweenimage intervals of
metavariablessowe define:
Definition 4.6. A correspondencéetweertwo intenvals(t,, b)) and(t,, b,) in agraph
GisarelationH : N' « A onthenodesetfulfilling thefollowing conditions:
— H exactlycoverstheinnernodesdom.H is thesetof theinnernodef (t,, b)), and
ran.H is thesetof theinnernodesof (t,, b)),
— H preseresupperborders:if H is nonempty it relatest, exactly to t, and vice
versa,
— H preseresnodelabels:H:L U L,
— H preseressuccessorstH ||1):SU S(H O b, ":b),
H preseresbindingsoninternallyboundnodes:
HBnOHUBHUHB and HBnOH" UOBH" OH"B,
H respectshedistinctnes®f nodesnternallyboundby the sameconstructor:
H":W:H n I:H:B n B:B" UW,

andsodoesH ",
H preseresvariables:H:W n [I:H = W:H n H:IT,
H stayswithin thesamevariablefor variableghatarenotinternallybound:
Hn BHO n WO 0w,
H preserestyping: H:T n [:H = T:H n H:l. O

It is relatively easyto seethatfor acorrespondendd, its corverseH - isacorrespond
encetoo. Alsotheidentityrelationrestrictedo theinnernodesof aconsisteninterval
obviouslyis a correspondencandit canbeprovedthatthecompositiorof two corres
pondencess againacorrespondenceexistencef correspondencégtweerconsistent
imageintenalsof metavariabless thereforean equivalencerelation,andit is natural
to define:



Definition 4.7. A v-homomorphism is a v-fitting wherefor every two metaariable
nodesn W, n (v x V) thereis acorrespondendeetweertheirimageintervals. O

Withoutfurtherrestrictionsthesehomomorphismarenot composableyut in [3]

we have shavn that this is not necessary
for being able to definea soundrewriting AM
concepf(seealso[4]). ¢\>¢ +
As an example homomorphism(indi- < D — | 1/\2
catedby thethin, dark grey (violet) arrows) X *
we shav anuntypedp-rede to theright. /<\+
X 5

5 Well-TypedTerm Graphs

We now introducea meansto distinguishwell-typed term graphs. The systemwe
proposeés asystenthatcouldequallywell beemployedfor untypedtermgraphsthere
it would allow to malke distinctionghatarenot coveredby Def.3.2,suchaswhichnode
labelsareallowed asbinders andbelon which successorboundvariablesmayoccur
(a stepin the directionof the general‘binding structures’of [11]). As shawn here,
thesystenstill maybe usedtowardsthesepurposesalthoughits mainmotivationis to
ascertairegal typing.
We define“typing elements’asschemagraphsthat encodewhat “locally legal”

shouldmeanfor agraph:

Definition 5.1. A typing elementis atypedtermgraphG whicheitheris rootedor has
all its sourceselatedto eachotherby thevariableidentity, andwhereall successorsf
thesourcenodesaremetavariablesandall successorsf thosemetavariablesarebound
by theroot node. Suchatyping elemenis saidto befor thelabelof itsrootnode. O

Herewe assumehat all bindablevariableshave zeroarity; otherwisethe same
conditionswould have to beenforcedor themasfor thesources.

We provide three example typing elementsfor simply-typed A-calculusand
threemorefor arithmetics— the typing functionis denotedby greenresp.thin, light
grey arrons:

/ﬂ\ \//@\‘ /ﬁ\ 1 a\ Num 1 Num
T T \% T T \% / T + Num

<¢ T V/\V
Obviouslytypingelementgloselycorrespondo typingrulesin typederivationsystems
asthey canbefounde.g.in thepuretype systemsof [1]. Forreasonsf spaceverefrain

from formalisingthisrelation,sincethenwe would have to introducetheformalismof
puretypesystemstoo;we only state:

Proposition 5.1. As long asthereis no reductionamongtypes,thereis a one-to-one
correspondendeetweertyping elementandtypingrulesof puretypesystems. [

Justasonly a setof rulesdefinesa languagan puretype systemsonly a setof
typing elementslefinesatypedtermgraphlanguage:



Definition 5.2. A term graph languageis a set7 of typing elementssuchthat 7
containsat mostonetyping elementor eachnodelabell : C. O

Therestrictiorthatthereisatmostonetypingelementor everynoddabelmightbe
relaxedfor implementingakind of overloadingput we shallnot pursuehatpossibility
in thispaper In contrasto mosttypingsystemsthatbuild onsomekind of derivationor
inferencewe usea moresimultaneousoncepthere;we simply define“globally legal”
as‘locally legal everywhere™:

Definition 5.3. A typedtermgraphG iswell-typed wrt. atermgraphlanguagé/ if for
everynoden : N of G thereis atypingelement for L.n andahomomorphisnirom t
into G thatmapsa sourcenodeof t ton. O

Notethatatypingelements necessarior every node andnotonly for everytyped
node— this exactly correspondso the situationin puretype systemswherea trivial
type“ O " is givento thosetermsthat correspondo term graphnodeswithout type.
Otherwisethis definition would for examplenot be ableto ensureconsisteng in the
presencef dependentypes. For graphicallycornveying theideabehindour definition
of well-typednessyvedraw atypedversionof the-redex examplefrom below Def.4.7
onceseparatelandoncetogethemwith two examplehomomorphism&om thetyping
elementdor functionapplicationandA-abstraction.

A
V2|

For beingableto discussropertiesof term graphlanguagesye first introducea few

classificationsf typing elements:

Definition 5.4. A typingelemenis called

— separatediff it containgo (D O B)-edgedetweertypedanduntypednodes,

— well-typedwrt. T, iff itstypepartis well-typedwrt. 7.

— first-order, iff all metavariablescontainedn thetypepartarezero-ary O

For thekind of typing elementave have seensofar, a principaltype propertyis easy
to establish:

Theorem 5.1 (Principal Types). If theterm graphlanguageT fulfils the following

conditions:

— alltypingelementsareseparatedndfirst-order

— therelationQ : £ « LwithQ :={G: T;! :ran(TgDgly) * (L
I; denotesheroot of graphG, is agclic,

— if Gisatypingelemenfor | in 7, thenG is well-typedwrt. the sub-languagef 7
for thelabelsthatarereachablérom | in Q,

a’1s: D}, where



thenthereis a principal type for every graphin thefollowing senseLet the program
part of a graphbe the untypedsubgraphinducedby all typed nodes(closingit wrt.
successorshinding, and bound variables);then amongall well-typed graphswith
isomorphicprogrampartsthereis alwaysonefrom which thereis ahomomorphisnio
everyother O

Term graphlanguageswith theserestrictionscorrespondo simple parametric
polymorphismjfull Hindley-Milner polymorphismwith | et -polymorphismrequires
feature®f typeabstractionseeSect8.2. Otherprincipaltyperesultanalsobecarried
overto thetermgraphsetting.

6 Typing Elementsfor Variables

Thedefinition5.3of well-typednessmpliesthattherealsohave to betyping elements
for variables. Sincevariablesmay consistof marny nodesandsincethe conditionof
strict variablepreseration (Def. 4.5) demandst leastasmary variablenodesin the
sourceasin thetarget,thetermgraphlanguaggDef.5.2)whichis usedasthe basisfor
well-typednessnayseverelyrestrictpossiblevariableoccurrences.

For example,if for the boundvariablelabelx thereis only onetyping element
x——T, this implies that on x-nodesthe variableidentity is trivial. HOPS currently
restrictsboundvariablesn thisway, whichis only naturalin atermDAG setting.

With metavariablespntheotherhand sucharestrictionis notfeasiblearymore at
leastnotfor metavariableswith successorsk-or untyped(i.e.,type-level) metavariables
without successor${OPS alsoprovidesonly onetyping elementsincein HOPS the
typepartof everytermDAG is keptmaximallyidentified.

Obviously, if morethanonenodepervariableis goingto beallowed,it makeslittle
sensdo imposeotherrestrictionson the numberof thosenodessowe needinfinitely
mary typing elementgor every metavariablelabelconcerned.

For untypedmetavariableswith untypedsuccessorsghisisnotabig problemsince
theirtyping elementsvill have emptytypingandtheonly restrictiononemightimpose
is that the differentnodesof one variablesharedtheir successorsHowever, sucha
restrictionseemdo bedifficult to motivate.

For theothercasesherearemorepossibilities.Let usrestrictour attentionhereto
typedmetavariableswith typedsuccessorsyhich is alsothe only kind currentlyfully
supportedy HOPS. In HOPS, for everypositiveintegernandeverynaturanumber a
typingelementsassumedbr ni-arytypedmetavariablenodesall relatedby thevariable
identity;thesuccessorareall distinctzero-arytypedmetavariableswith trivial variable
identity, andtherearei + 1 zero-aryuntypedmetavariableswith trivial variableidentity,
onefor thesourcesndonefor everysuccessandex. We shaw thetypingelementg$or
(n,1) 0{(2,0), (2,1, (3,1, (2, 2)}:

v VYTYYTYTY /V\ TT/V\
T VTV V \Y; vV Vv Vo Vv

Well-typednessvith suchatermgraphlanguagempliesvery simplerestrictiononthe
typing functionwhich canalsobe expressedlirectly: All nodesof avariablehave to



havethesameype:W:T U T, andthecorrespondinguccessorsf thedifferentnodes
of onevariablehavethesametype:0(x,y) : W ¢ (SX):T = (S.y):T.

We shall seemoregeneraltyping elementdor metavariablesn Sect.8 together
with theframewvorksthatmake themnecessary

7 Construction StepHomomorphisms— Towards Typed Term
Graph Grammars

In this sectionwe shav how stepwiseterm graphconstruction— asfor examplein
an interactve system— can be viewed as a sequencef homomorphisms.These
“constructionstephomomorphismsbelongto a few simple classeswhich together
canbeconsideredo definea speciakind of graphgrammamvhichis closelyrelatedto
algebraigraphgrammarssinceit relieson category-theoreticoncepts.

It is importantto note that in this sectionhomomorphismsare restrictedto
homomorphismbetweenwell-typedgraphswrt. sometermgraphlanguage.

Thesimpleskind of homomorphisnthatis sometimeseedediuringconstruction
doesnotinstantiateary metavariables:

Definition 7.1. An identification is ahomomorphisnwith emptymetavariablebase;
i.e.,it isanJ-homomorphism. O

Identificationsstandin a one-to-oneorrespondencgith congruenceelationson
termgraphsfor everyidentificationF, theequivalenceelation(F:F )Disacongruence,
andfor every congruencehequotientprojectionis anidentification.

Sincewerestrictoursehestofinite graphseveryidentificationcanbebrokendown
into a sequencef “primiti ve identifications” the correspondencesf which arethe
correspondenoglosureof two-nodesets.

Isomorphismsbetweerypedtermgraphsnayinstantiatenetavariablesn thatthe
onlyvisiblechangehatcanbebroughtabouthyisomorphismss consistenpermutation
of thesuccessorsf metavariables.

Similarto theidentificationof two nodesthereis the possibilityof unificationof
two nodes.But sincethisin generabringsaboutthenon-determinisnof second-order
unification,we have to restrictoursehesto simpledeterministiccases:

Definition 7.2. A replacementof a metavariablenodev with anothemoder whichis
not a successoof v is ahomomorphisnt which unifiesv andr andwhich uniquely
factorisesarny othersuchhomomorphism. O

It is comparatiely easyto seethatif suchareplacemenéxists,thenthereplace
mentis uniqueup to isomorphism.Replacementsanalsobe regardedasspecialin-
stance®f thefollowing:

Definition 7.3. An internal instantiation of ann-arymetavariablenodevin G with an
interval (t, b) in G isanequalisenf thefollowing two homomorphismg andG from
the GraphG, containinga (1, n)-typing elementor thelabelof v:

- Fistotalandmapsthesourceof G, tov,

— G mapsthesource;, of G, tot andbehaesasb onthesuccessorgs,.r,):G = b.



(Suchan equaliseiis a homomorphismsuchthatF: H = G: H andwhich uniquely
factorisesrny othersuchhomomorphism.) O

Thoseinternalinstantiationsvheretheinterval hasanemptylower borderarejust
thereplacementsf above.

Definition 7.4. An extemal instantiation of ann-ary metavariablenodev in G with
aninterval (t,b) in G, isapushoubf thefollowing two homomorphismg andG from
the GraphG,, containinga one-sourceyping elementfor a metavariablewith typing
compatibleto thatof v andwith aritym < n:

- Fistotalandmapsthesourceof G, tov,

— G mapsthesource; of G, tot andbehaesasb onthesuccessorgS,.r):G = b.

(Sucha pushoutis a “pushoutgraph” G, togethemwith two homomorphismsi. from
G to G;andH;, from G, to G, suchthatF:H. = G:H; andH. andH; uniquelyfactorise
ary otherconstellatiorikethat.) O

Thepushout®f externalandtheequalisersf internalinstantiationseedhotexist;
thisfactusuallycorrespondto theattemptto introduceatypeerror.

Externalinstantiationsvith simpleintervalsandwith themetavariablein G having
the samearity asthe instantiatednetavariablecansene to cut or permuteoutgoing
edge®f metavariablesanotheimportantnstantiatiorusesanintervalwhereonelower
bordernodeis identicalto thetop node thus“shrinking” every nodeof theinstantiated
metavariableto its correspondinguccessor

Besidegheselanguage-independeintstantiationsthe mostimportantarethose
whereG, containsa zero-arymetaariablemappedo sometyping elementasG,; in
thesecaseghe metavariablesin the typing elementhave the arity of the instantiated
metavariableaddedo theirs:

- SoTTTTTTTTTs = )\ —
- /\
G, VT ‘y) D g
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‘\‘\ i R _ \\\\ )\ —
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/\ N\ C

ki A
A X/\)\/ A

Rewriting of ourtypedtermgraphds definedessentiallyn thesamewayasin [3,4] via
thefibred approacha generalisatiorof the traditionaldouble-pushouapproach.For
reason®f spacave donotpresenthishere.




8 Advancedinstances

In thissectiorwe shav how threekindsof advancedypesystemganbetransferredo
thetermgraphsetting For reason®f spaceve haveto assumehatthereadetis already
familiar with the basicsof the respectie systemsAlthoughthe examplescanstill be
constructecainddrawn in HOPS, noneof themhasbeenimplementedsofar because
of theproblemswith second-ordeanification.

8.1 Recursive Datatypesand Polytypic Programming

Theessentialeatureof polytypicprogramming— seee.q[8] — isanexplicit recursion
operatorencapsulating second-ordevariableonthetypeside;thisvariablestandgor
someappropriatfunctor, andthe whole constructthen standsfor the (usually)least
fixed pointof thatfunctor.

The basic functions necessarnfor programmingon theserecursve datatypes
arethe isomorphismsabstr andrepr betweenthe fixed-pointdomainandits images
underthefunctor Thereforewe needthefollowing threetyping elements— they are
all separated:

abstr - repr

;U/—i
o/
N

Y4

Theisomorphisnpropertiecanbeexpressedsrules:

com | comp I .
/ p ) re (\a‘bstr = \ ﬂ
absf \p %3\/) : S, / 35
Filec _i_
{ t

For thefirst rule,thisisindeedthe principaltype (whenlimited to maximallyidentified
type parts);the secondrule, however, also hasanother‘simplest” type relying on a
nestedecursiorandwhichisincomparabléo thegiventype— assoonassecond-order
typing elementsare used,automaticunification cannotbe usedanymore becausef
theseambiguitiesof second-ordeunification. In HOPS, it is plannedto make some
userassistedolutionavailable.

1 A termgraphruleis atermgraphtogethemwith two distinguishedhodesthesetwo nodesareindicatedby
thick long-tipped orangeresp.grey arravs in HOPS drawings and arethe rootsof the rule’s left-hand
side andright-hand side, respectrely. Sincerewriting is notthetopic of this paperwe do not explain the
rule applicatiormechanisnhere Jet usonly mentionthatfor multi-nodemetaariableswith successorsio
matterwhethertypedor untypedtheencapsulatioskeletonof theirimageon theleft-handsideshasto be
copiedfor constructingheirimageontheright-handside.



Now, the most popular polytypic functions are probably polytypic map and
catamorphismaye give thetyping elements:

A Catamor ma
Rec l
\%

=]
Z
> T/\T

For specificfunctors,maps canbe specialisedo known functions,asin the following
examplerules,whichrecognisehefunctorinvolvedby their sensitvity to typing,since
their left-handsidesdo not have principaltypes(pupd is — asolbviousfrom its typing
— functionproduct):

mj% N map / T
s e

\ﬁ/\}

Thebasicrulefor catamorphismallows anunfoldingof thetransferredunctor i.e.,a
map, to a catamorphisnprecededy anabstr; seethedrawing to theleft:

comp o map Cat%mor g
/ \ pap comp N
abstr 'Catamor mag® ~ abstr Sl
\ T
ReC fc
\ / T

Togethewith themap rulesfor thedifferenttypeconstructors— totherightabove there
isthemap rulefor datatypeecursion— it ispossiblao transformarbitraryspecifidegal
catamorphismmto generarecursiongust by applyingthesetype-sensitierules.

8.2 Second-orderA-Calculus

In secondarder A-calculus thereis a differentkind of abstractioron the type level,
usuallydenoted 0"; we shallusethelabelforall. Thisthenenterghetypingelementsf
a secondkind of A-abstractiorandapplicationtogethemwith multi-nodesecondarder
metavariables:

forall Lambda forall ly-T forall

i | R
0 Q1) v i)



Thelasttwo typing elementsarenot separatedn the abstractionthereis anuntyped
variableboundat the typed Lambda node,andthe typed Apply nodehasan untyped
secondsuccessor The B-reductionrule for this type abstractionnicely shavs the
interplaybetweerboundvariablesandmetavariablesandwith respecto thediscussion
in Sect6 we alsoshav atypingelementor theunarytypedmetavariableusedhere:

Apply \Y \%
/ /forall J T T J
Lambda T i) J W
Q l/ T) ' '
v T |
S t / t

8.3 DependentTypes

Dependentypesareto a certainextent “dual” in a syntacticsenseto second-order
A-calculusherethebordercrossingbetweerprogramandtypepartrunin thecontrary
direction,and thereare alreadyborder crossingsn the typing elementfor the type
constructoPi: atypedvariablex (whichhasatypingelementx1 of itsown)isbound
attheuntypedPi, andis successoof anuntypedunarymetavariable:

Pi lambda Pi T Pi
) S e By e
| e Vet ;
X X T—Xx X

In thetypingelemenbf A-abstractionthetypedboundvariablex is alsosuccessao an
untypedunarymetavariable andthis doesnot violatetheconditionthatbindersshould
dominatéboundvariablesecausef themodifiedreachability In thetypingelemenbf

applicationfinally, azero-antypedmetavariableoccursassuccessasf aunaryuntyped
metavariable— anindicationthatwe have to be very carefulin this kind of calculus
sincenow applicationof rulesontheprogramsidemayatthesametime beonthetype
side. Thepicturesof therule of B-reductionandof themetavariabletypingelementre
astonishinglsimilarto thosefor second-ordek-calculus:

/@\V\i Pi \( \f
lambda ' T T
Q T \l/ T/\‘-B V/ T \V
|
> :

9 Conclusion

Wehaveintroducedaformalismthatallowsalargeclasof typesystemso betranslated
tothetermgraphsettingn averyhomogeneousay. Theexplicitnessvith whichall the
structureincludingtypingis incorporatednto our termgraphsmakesthemextremely
usefulfor humaninteractionwith comple< formalisms— in fact, our formalisation
is theresultof long-runningefforts to provide the graphicallyinteractive term graph
programmingsystemHOPS [6,13] with an appropriateyping systemboth from the



implementatiorpoint of view andfrom theoreticatonsiderations.

Anotherpotentialusefor our internallytypedterm graphss to sere asinternal

datastructurein symboliccomputatiorsystemsncluding interpretersand compilers,
true to the recenttrend to keeptyping information until much later phasesn the
compilationprocess.
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