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Abstract

These notes are a current snapshot of the development of the theory of collagories, which are
defined essentially as “distributive allegories without zero morphisms” and named for their close
relationship with the adhesive categories currently popular as a foundation for the categorical
double-pushout approach to graph transformation.

We argue that, thanks to their relation-algebraic flavour, collagories provide a more acces-
sible and more flexible setting. One contributing factor to this is that the universal characteri-
sations of pushouts and pullbacks in categories can be replaced with the local characterisations
of tabulations and co-tabulations in collagories.

We document accessibility by showing ways to construct collagories of semi-unary algebras,
which allow natural representations in particular of graph structures, also with fixed label sets.

Via the local ordering on homsets, collagories have a simple 2-categorical structure, and we
use this to show that co-tabulations are equivalent to lax colimits of difunctional morphisms,
and co-tabulations arising from spans of mappings are equivalent to bipushouts, which satisfy
stronger conditions than just pushouts of mappings.

Finally, we consider Van-Kampen squares, the central ingredient of the definition of adhesive
categories, and obtain an interesting characterisation of Van-Kampen squares in collagories.
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Chapter 1

Introduction and Basic Definitions

1.1 Introduction

The co-tabulation characterisation of pushouts, which essentially goes back to Kawahara [Kaw90],
therefore has a precise categorical counterpart in bipushouts, and, even more closely, in lax col-
imits of difunctional morphisms in an allegory context.

One of the hallmarks of the relation-algebraic approach to graph transformation [Kaw90, Kah01l,
Kah04] is that it allows an abstract characterisation of the gluing condition for the double
pushout approach. Nevertheless, the categorical approach to graph transformation has contin-
ued to use the node-and-edge-based formulation of the gluing condition even in the handbook
chapter [CMR™97]. Recently, the literature of the categorical approach, starting essentially
with [EPPHO6] has adopted the “adhesive categories” of Lack and Sobocinski [LS04], where
however the details of the gluing condition are completely sidestepped.

Although the toposes of graph structures that give rise to the relational categories used in
the relational approach are examples of adhesive categories, the latter also include, for example,
categories of pointed sets, which do not give rise to distributive allegories due to the failure of
the zero law.

We introduce collagories by dropping the zero law (and the necessary existence of least
morphisms) from distributive allegories, and show that this still produces a relational formalism
that can accommodate the necessary tools for graph transformation, and furthermore relates
nicely with adhesive categories.

After the basic category, allegory, and collagory definitions in the remaining sections of
this chapter we turn to the definitions and properties of tabulations and co-tabulations in
Chapter[2l In Chapter[3l we then use a simple generalisation of standard >-algebra construction
for signatures containing only unary function symbols and constant symbols. This way, we
obtain collagories of “relational Y-algebra homomorphisms” on top of simpler base collagories,
as for example the collagory Rel of sets and relations. We show when this construction also
preserve bitabularity, and since constant symbols enable for example modelling pointed sets,
we obtain collagories that do not correspond to toposes.

In Chapter ] we return to study co-tabulations, now in the context of considering collagories
as simple 2-categories via the local homset ordering. Here, we prove that co-tabulations are
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4 CHAPTER 1. INTRODUCTION AND BASIC DEFINITIONS

exactly equivalent to bicolimits of difunctional morphisms, and that furthermore cotabulations
of spans of mappings are equivalent to bipushouts.

Finally, we show in Chapter [l that mappings in bitabular collagories form an adhesive
category, and produce some novel characterisations of van Kampen squares in this setting.

The central defintions of Sections [L3], and 2.3, the results of Chapter B and weaker
versions of the results in Sect. [5.2] have been published as [Kah09a], and in a longer version
as the report [Kah09b], which is essentially superseded by these current notes. The results
of Chapter (] together with newer results from Chapter [ are summarised will appear in the
proceedings of GT-VMT 2010.

1.2 Categories, Allegories

This section only serves to fix notation and terminology for standard concepts, see [FS90, [SS93|
Kah04]. Like Freyd and Scedrov and an increasing number of categorists, we denote composition
in “diagram order” not only in relation-algebraic contexts, where this is customary, but also
in the context of categories. We will always use the infix operator “” to make composition
explicit: R § = A-L-B-5.C.
Definition 1.2.1 A category C is a tuple (Objs, Morg, src, trg, I, ;) where

e Obj. is a collection of objects.

e Morc is a collection of arrows or morphisms.

e src (resp. trg) maps each morphism to its source (resp. target) object.
Instead of src(f) = A A trg(f) = B we write f : A — B.

The collection of all morphisms f with f : A — B is denoted as Morc[.A, B] and also called
a homset.

@

e 47 is the binary composition operator, and composition of two morphisms f : A — B and
g : B' — C is defined iff B = B’, and then (f; g) : A — C; composition is associative.

e [ associates with every object A a morphism I 4 which is both a right and left unit for
composition. O

Definition 1.2.2 An ordered category is a category C such that

e for each two objects A and B, the relation C 45 is a partial order on Morc[A, B] (the
indices will usually be omitted), and

e composition is monotonic with respect to C in both arguments. O

Definition 1.2.3 An upper-semilattice category is an ordered category where
e cach homset is an upper semilattice with binary join LJ,

e composition distributes over binary joins from both sides. O

For homsets that have least or greatest elements, we introduce corresponding notation:
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Definition 1.2.4 In an ordered category, for each two objects A and B we introduce the
following notions:

o If the homset Morc[A, B| contains a greatest element, this is denoted T 4 5.

o If the homset Morc[A, B| contains a least element, this is denoted L 4 5. O

For these extremal morphisms and for identities we frequently omit indices where these can be
induced from the context.

Definition 1.2.5 An ordered category with converse, or OCC is an ordered category such that
e cach morphism R : A — B has a converse R™: B — A,
e the involution equations hold for all R: A — Band S : B — C:
(R)" =R Iy=14 (R;S)" =S8R

e conversion is monotonic with respect to C. O

Many standard properties of relations can be characterised in the context of OCCs [Kah04]:

Definition 1.2.6 A morphism R : A — B in an OCC is called:
e yniwalent iff R™; R C g,
e total iff TyC R: R,
e injective iff R; R™C Iy,
o surjective iff Iy C R R,
e a mapping iff it is univalent and total,
e bijective iff it is injective and surjective,

e difunctional iff Rs R™5s R C R. (See [SS93|, 4.4] for more about difunctionality). O

For an OCC C, we write Map C for the sub-category of C that contains only the mappings as
arrows.

The following definition, based on allegories by Freyd and Scedrov, is already applicable in
OCCs.

Definition 1.2.7 [F'S90, 2.15] An object U in an OCC is a partial unit if Iy, = Ty The
object U is a unit if, further, every object is the source of a total morphism targeted at ¢. An
OCC is said to be unitary if it has a unit. O

We use the symbol “1” for an arbitrary but fixed unit object.

Difunctionality plays an important role in our theories; a concrete relation, understood as a
Boolean matrix, is difunctional iff it can be rearranged into “loose block-diagonal form”, with
full rectangular blocks such that there is no overlap between different blocks in either direction.
(See [SS93, 4.4] for more about difunctionality).

Definition 1.2.8 A morphism R : A — B in an OCC is called difunctional iff R: R R C R.[J



6 CHAPTER 1. INTRODUCTION AND BASIC DEFINITIONS

Definition 1.2.9 For a morphism R : A — B in an allegory, we define its difunctional closure
R¥: A — B as the least difunctional morphism containing R (if this exists), and we further

define R : A — A and R¥: B — B as:

R =TUR¥:(R¥)" and R¥:=TU(R®) " ;R¥ . O

For endomorphisms, there are a few additional properties of interest:

Definition 1.2.10 A morphism R : A — A in an OCC is called:

e reflevive iff TC R,

e transitive iff R: RC R,

e co-reflexive or a sub-identity iff R C 4,

o symmetric it R-C R,

e an cquivalence iff it is symmetric, reflexive and transitive. O
Lemma 1.2.11 If B<2-A-9.C is a span and P~ ; Q is difunctional, then P P"; Q; Q is

idempotent.
If P and @) are moreover total, then P: P~ ; ) ; (7 is an equivalence.

PROOF: The first claim is immediate: P; P": Q: Q s P:sP 3 Q:Q =P:;P Q5 Q.

For the second claim, reflexivity is obvious from totality, and the first claim implies transi-
tivity, and, together with totality, also symmetry:

QiQ PP =1,4:0Q:Q iPsPsI4,CP:;P:Q:Q P;PQ:Q =P:;P5Q:0Q O

If, in the second case, P P~ and () ; ()7 are themselves equivalences, then P; P75 ) : 07 is
therefore their least upper bound among the equivalences on A.

Lemma 1.2.12 If R and S are equivalences on A that commute, that is, where R; S = S R
holds, then R; S is an equivalence again.

PROOF: Reflexivity and symmetry are obvious; for transitivity we use commutation twice:

R:iSsR;S=R;S:;SR=R;S:R=R;R;5=R:;8 O

While Freyd and Scedrov in their definition of allegories [FS90, 2.11] derive the homset ordering
from the meet operation, we define allegories on top of ordered categories — the composition
operator has higher precedence than all other binary operators.

Definition 1.2.13 An allegory is an OCC such that
e cach homset is a lower semilattice with binary meet M.
eforall Q: A— B, R:B—C,and S: A — C, the modal rule holds:
Q;ROSC(QNS;R)R . O
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The most well-known allegory is the category Rel of sets with relations and standard relational
operations. Logical theories give rise to allegories of derived predicates [ES90, App. B]. A simpler
case of that are the allegories arising from Y-algebras (over some signature ) as objects, and
with “relational ¥-homomorphisms”, i.e. bisimulations in the sense of [Kah04], as morphisms.

In allegories, one can define domain and range operators:

Definition 1.2.14 For every morphism R : A «» B in an allegory, we define domR : A «— A
and ran R : B < B as:

domR:=I4MR;R ranR:=1IzMR ;R O

1.3 Collagories

KOAAa: glue

In Freyd and Scedrov’s treatment, although allegories are not required to have zero-ary meets,
distributive allegories are required to have zero-ary joins (least elements) together with distribu-
tivity of composition over them, that is, the zero law I ; R = 1. We define an intermediate
concept that does not assume anything about zero-ary joins:

Definition 1.3.1 A collagory is an allegory that is also an upper-semilattice category such
that binary meet and join turn each homset into a distributive lattice. O

Requiring least morphisms satisfying zero laws turns collagories into distributive allegories,
which still heave a much weaker theory than relations in a topos, so graph structures (unary
algebras) with relational graph homomorphism in particular also form collagories. In Chapter[3
below, we will show how to construct collagories of generalised algebras over signatures with
only unary function symbols and constant symbols.

For adding Kleene star, we use Kozen’s axioms [Koz94]:

Definition 1.3.2 A Kleene collagory is a collagory where, on homsets of endomorphisms, there
is an additional unary operation _* which satisfies the following axioms for all R : A — A,

Q:B—A and S: A—C:

R* = I[LURUR"; R* recursive star definition
Q:R C Q@ = Q:R L @ right induction
R:S C § = R':;S C § left induction O

Proposition 1.3.3 In a Kleene collagory, all difunctional closures exist, and:

R¥ =(R;R)", R¥=(R:R), RP®=RP;R=R:RY. O
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Alternatively, we also can fore-go the Kleene star and directly axiomatise difunctional closure:

Definition 1.3.4 A difunctionally closed collagory is a collagory where, there is an additional
unary operation _® which satisfies the following axioms for all R : A — B, Q : C — A, and

S:B—C: Q :C—B,and §': A — C:

R¥ = RUR®;(R¥)":; R¥ recursive definition
QR C Q N Q:RR C @Q = Q:;R¥ C right induction
R:;S C & AN R;R:;8 C 8§ = R¥E;S C ¢ left induction O

Proposition 1.3.5 In a difunctionally closed collagory, the operation _® produces difunctional
closures.

ProoF: Containment R C R® and difunctionality R¥ ; (R¥)™; R¥ C R¥ follow directly from
the recursive definition.

For minimality, assume that C' is difunctional with R C C. Then we have I; R C (' and
C;R :sRC C;C : CC C and therefore, with the right induction rule, R¥ =1; RE C C. [

Proposition 1.3.6 A Kellene collagory is dinfuctionally closed, with R® := (R; R")*; R =
R (R R)*.
PROOF: Recursive definition:
RUR¥®:(R®)":R¥ = RU(R;R)sR:R :(R:R)*:s(R:R)*: R
= RU(R;R)*sR:R R
= I;RU(RsR)™:R
= (RsR)*3R

R

For left induction, assume @ : R C @’ and Q'; R : R C (). Then left induction of Kleene star
gives us

QiR :R"CQ
and with this we obtain the conclusion of left induction for difunctional closure:

Q:RP=Q:R:;(RsRCQ:(RsR"CQ

Right induction can be shown analogously. O



Chapter 2

Tabulations and Co-Tabulations

2.1 Introduction

Central to the connection between pullbacks and pushouts in categories of mappings on the
one hand and constructions in relational theories on the other hand is the fact that a square of
mappings commutes iff the “relation” induced by the source span is contained in that induced

by the target co-span.

Lemma 2.1.1 [FS90, 2.146] Given a square of mappings in an OCC as drawn above, we have
PiR=@Q:Sift PsQCR;S". O
PROOF: Freyd and Scedrov formulated this in the allegory context, but their proof needs
neither meet nor the modal rule:

If PR=Q:S§, then

P:Q C P :Q:8:8 S total
= P ;P;R;S5 assumption
C R;S P univalent

Conversely, if P75 Q E R; S, then:

Pi:R C Q:;Q sPsR Q total
C Q:S;R R assumption
C @:8 R univalent
Since both sides of this inclusion are mappings, it shows the equality P; R = @ S. O

9



10 CHAPTER 2. TABULATIONS AND CO-TABULATIONS

We introduce a name for the case where the inclusion in Lemma 2.T.7] turns into an equality:

Definition 2.1.2 In an OCC, a square of morphisms as drawn above is said to cross-commute,
or to satisfy the property of cross-commutativity, ift P~ Q) = R; S™. O

Lemma 2.1.1] provides a first hint that in the relational setting, the identity of the two
mappings P and Q does not matter when looking for a pushout of the span B2 A-9+C —
we only need to consider the diagonal P~; (). Dually, when looking for a pullback of the co-span
B-2.D+5C, only R;S” needs to be considered. The gap between the two ways of calculating
the horizontal diagonal can be significant since R; S~ is always difunctional.

Producing the result span of a pullback (respectively the result co-span of a pushout) from
the horizontal diagonal alone is, in some sense, a generalisation of Freyd and Scedrov’s splitting
of idempotents; [Kah04] contains more discussion of this aspect.

We now first present tabulations and some of their properties, and then turn to co-tabulations
in Sect. In collagories, least morphisms need not exist; if they do exist, they satisfy only
a subset of the properties that zero morphisms satisfy in distributive allegories, and we col-
lect a few of these properties in Sect. 2.4l Since direct sums (Sect. 2.5) are defined via least
morphisms, the detailed porperties of least morphisms are especially important in that context.

2.2 Tabulations

Definition 2.2.1 [FS90, 2.14] In an allegory, let a morphism V : B — C be given. The span
B2 A-9.C of mappings P and Q is called a tabulation of V iff the following equations hold:

P:Q=V P:PnQ:Q =14 . O

e

The following equivalent characterisation provided by [Kah04] has the advantage that it is
fully equational, without the implicit inclusion conditions in the requirement that P and @) are
mappings. This frequently facilitates calculations. Notice that I V ;5 V7 = dom V; we use the
expanded form to emphasise the duality with Prop. below.

Proposition 2.2.2In an allegory, the span B-2-A-9%-C is a tabulation of
V : B — C if and only if the following equations hold:

P3P = 1INV V™
P;0=V P;sPMQ;Q =14 . |
© Q:Q = 1INV vV Q@ =l

Tabulations in an allegory are unique up to isomorphism (this uses the modal rule), and include
the following special cases:
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e In a tabulation of a sub-identity, both tabulation morphisms are the induced sub-object
injection [ES90, 2.145].

e We can define a direct product of A and B to be a tabulation A<"—P-—2+B of a Tz,
provided that greatest morphism exists.
The resulting direct product definition differs from that of [SS93] in extending naturally to
“empty” objects (e.g., empty sets) by not demanding surjectivity of the projections, but only

7w sm=dom Tz pip=ranTyp .

o If a co-span B—L+D<+2C of mappings is given, then each tabulation of R; S~ (which need
not exist) is a pullback in Map A [FS90, 2.147].
For a tabular allegory A, this implies that each pullback in Map A is isomorphic to a tab-
ulation, and therefore is itself a tabulation. However, if A is not tabular, then a co-span
B—L+D<5_C of mappings for which no tabulation of R; S~ exists may still have a pullback
in Map A, which then cannot be a tabulation.

If an allegory is known to have all direct products and subobjects, then these can be used to
construct a tabulation for each morphism.

The following properties are immediate consequences of Prop. 2.2.2

Corollary 2.2.3 If B<£—A-2.C is a tabulation for V : D — &, then the following hold:
LPEQ:;V and QC P;V
2.ranP =dom V and ran ) =ran V.

From Lemma [[.2.11] we immediately have:

Lemma 2.2.4 If B2~ A-9.C is a tabulation for V : D — &, and V is difunctional, then
P; P75 @Q; @ is an equivalence. O

Furthermore, we have the following special cases:
Lemma 2.2.5 If B<2- A-9.C is a tabulation for V : D — &, then:
V is univalent iff P; P C Q5 Q;
V' is univalent iff P is injective;
V is injective iff Q@ Q" C P P

V' is injective iff @) is injective.

PRrROOF: We only show the first two items since the last two follow analogously.

For the first item, we have:

VVLECI & @Q :sP:sP ;QCI first tabulation equation
< PP CQ:Q () mapping

The last inclusion implies, with the second tabulation equation, that P is injective:
P:iPP=P;PMNQ:;Q =1

Conversely, if P is injective, then, since @ is univalent, V = P~ ; @ is univalent, too. O
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Lemma 2.2.6 If a co-span B—+D+5C of mappings is given with R injective, and B<2—A-9.C
is a tabulation for R; S7, then @ is injective, too.

PROOF: R; S is injective since R is injective and S is univalent, so, with Lemma 2.2.5 @ is
injective, too. O
Lemma 2.2.7 If

o B2 A9, C is a tabulation for V; : B — C,

o C-2.£ 9, D ig a tabulation for V3 : C — D,

o AL F_9.€is a tabulation for V : D — & with V := Q1 ; Py, and

o Vs Vi Vys Vo C I,
then BLPL F@LRD ig a tabulation for Vi s V.

f‘

A

A—-—-—> &
T
g—1 e B Jp
PrOOF: Commutativity follows easily from the assumptions:
CPTQiQ = PLiViQ

= PiiQii Py @
= V15V2

In preparation for the second equation, we first see:

P;PsP s P Q@ Q) Q

C Pi@Qu Vi VisQ s P Qs Py Vos Vs Pys Q7 Corollary 2.2.3]

= P Vi VisQ s PPTIP; Qs Vs Vo5 Qs P P:@1=Q; Py

= PsQu(VisVinVas Vy)s Qs P7 P ¢y univalent

C P;@;Q ;P Assumption

= P Qi P NQ:Pyi Py Q7 P;iQy=Q; P

The resulting inclusion is used in the last step to show the second tabulation equation:
I =  {tabulation for V }
P;P MQ;Q

= { tabulations for V7, V5 }
Pi(PisPynQus Q) PP IQ s (Pos Py Qo Q) Q7

= { P, @ univalent }
PiPis PP OP:Qui Qs PPNQi Py P QNQs Qo Q5 Q7

= {above }
P;Ps PP Qs Qe @y Q =
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The precondition V5 V4111 Vy; V, C I here corresponds to the condition pointed out by Bruni
and Gadducci [BGO3] for preservation of composition by the standard conversion of relations
to spans of total functions, namely that for all b € B and d € D there exists at most one ¢ € C
for which bVic and ¢Vad.

Note that we also have V5 Vi1 Vo Vo = Q) Q1 M Py 5 Po:

VisVin Vas Vy
= Vi Vil Vas VyMle assumption V)5 Vi1 Vys Vy C e
= QiP5 P i Q1M Py Qa3 @y s PoMIe  tabulation commutativity
= ran (P Q) Mran (@, Ps) Def. 214
= ran(ran(P}); Q1) Mran (ran (Q5) 5 Py) locality of ran
= ran @ Mran P, Py and (@), total
= Q QTP Py (), and P, univalent

We show the well-known composition property of pullbacks in the tabulation formulation:

Lemma 2.2.8 Let the following commuting diagram of mappings be given:

a—L g9 ¢

a &%Q\/ b &%9% c

D" . I . F

If E«2 B-9.C is a tabulation for n; ¢”, then D~%- A+ is a tabulation for m ; b~ iff
D« A9 C is a tabulation for m;n; b

PROOF: Assume that £«2—B—2~C is a tabulation for n; ¢”, that is,

b sg=n:c and b:b Mgsg =15 . (Tab2)
“=7. If also D~ AL+ B is a tabulation for m; b”, that is,

a sf=m:b and ara Ofsf =14, (Tabl)
then cross-commutativity composes easily: a 5 fig=m:b 59 =m:n;c , and we obtain:

aia Mfsgig sf

= aia Masmsm sa Nfiqgiqg sf m total

= asa Ofsbsb 5f Nfsgsig i f (Tabl) with Lemma 2.1.7]
= asa Nf:(bsb Mgsig)sf f univalent

= asa Nfsf (Tab2)

= 4 (Tabl)

This shows that D« A-L9%C is a tabulation for m :n;: b".
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“e”: Now assume that D~ A-L9%(C is a tabulation for m;:n;: b™:

a ifig=m:sb and aia Mfigig sf =14, (Tab)
Then:
aia Tfs3f = asa Nfs(bsb Mgsg)sf (Tab2)
C asa Mfsgsgf
= H.A (Tab)

For cross-commutativity, we need the assumption that the left square commutes:
asf = aifi(bib Mgig) (Tab2)
a5 (fsbsbMfsgig) f univalent

= as(asmsb Nfigsg) commutativity

mib MNa sfigiqg f univalent
mib Mminsc g (Tab)
= ms3b Mminin ;b (Tab2) with Lemma 2T.T]
= m;(IgNn;in b m, b univalent
= m;b n total O

2.3 Co-tabulations

While a tabulation can be seen as a certain kind of decomposition of an arbitrary morphism in
an allegory (which are all co-difunctional) into a span, the dual of a tabulation is then a certain
kind of decomposition of a difunctional morphism in a collagory into a co-span.

In this context, a stronger version of Lemma 2.T.7]is worth keeping in mind:

Lemma 2.3.1 Given a square of mappings in an OCC as drawn below, and existence of the
difunctional closure of P75 @ , we have Ps R=Q: S iff (P7: Q¥ C R: S

VN
ey

PROOF: The “if” direction follows immediately from P~5 Q C (P~ Q)® and the “if” direction
of Lemma 2.1.11
For “only if”, assume P; R = ();S. Then P7; Q C R: S by Lemma 2.1.1] and
R:5:Q sP;P 50 = R:R ;P P3P 5Q commutativity
= R:iR P ;Q P unival.
= R:5:Q :Q commutativity
R; S @ unival.

I
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By left-induction for difunctional closure we therefore have

(P5QPCR:S . 0

Although the formal material here is dual to that in Sect. 2.2, we still spell it out in full
detail for reference and better intuition.

Definition 2.3.2 [Kah04] In a collagory, let a morphism W : B — C be given. The co-span
B-L2.D<5_C of mappings R and S is called a co-tabulation of W iff the following equations
hold:

R:S =W R:sRUS :S=1p . O

The first equation implies Wi W5 W = R; S S5 R 5 R; S  C R;S™ = W (using univalence
of R and S), so if W has a co-tabulation, it has to be difunctional.

Furthermore, from univalence of R and S we also obtain R W = R ; R; S  C § and
Wi:;S=R;S;SCR.

Co-tabulations also have an equivalent characterisation that does not involve the mapping
concept explicitly and is perfectly “bi-dual” to the tabulation characterisation in Prop. 2.2.2

Proposition 2.3.3 In a collagory, the co-span B—£+D<2_C is a co-tabulation of W : B — C
iff the following equations hold:
R;R™ = IUW; W

R:S =W _ _ RRUS S =1Ip . O
S:8 = Tuw s W

In a collagory, we have the following special cases of co-tabulations:

e In a co-tabulation of an equivalence relation, both R and S are the induced quotient projec-
tions.

e We can define a direct sum of A and B to be a co-tabulation of L 4 s, if that least morphism
exists.

If direct sums and quotients are available, then a co-tabulation can be constructed for each
difunctional morphism.

To establish the relationship between the relation-algebraic co-tabulation definition and the
universal characterisation of pushouts in categories, we first establish a generalised factorisation
property for co-tabulations:

Lemma 2.3.4 In a collagory C, let W : B <= C be a difunctional morphism.
If the cospan B—+~D <2 C is a co-tabulation of W, and if the cospan B—+D'<5"C in C
consists of morphisms that satisfy

W;S CR and WisRCS
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then U : D — D' with U := R"; R" U S ;5" is a morphism in C such that R; U = R’ and
S;U=29".

If R" and S’ are univalent, then so is U.

If R" and S’ are total, then so is U.

PRrROOF: Factorisation follows easily from the assumptions:
R:U = RsRRUR:;S S = IuWsWH)sRUW:S = R
S;U = SR RUS: S8 = WHRUIUW s W8 =5
Univalence follows from factorisation and univalence of R’ and 5"
UsU=(R sRUS :8):;U=R sR:UUS :S:U=R sRUS ;S CI
Totality of U uses totality of R" and S’, and the last co-tabulation condition:

U;U° 3 RR R ;RUS 85858 Definition of U
J R;RUS ;S Totality of R’ and S’
a1 R, S co-tabulation O

This helps to show that co-tabulations are unique up to isomorphism (for the factorisation of
difunctional W = R:S™ into surjective mappings this has already been shown in [SS93, 4.4.10]):

Theorem 2.3.5 In a collagory, let W : B <= C be a difunctional morphism.
If the cospans B—+D2C and B-L+D' <2 C are both co-tabulations for W, then there
is a bijective mapping U : D — D’ such that R' = R; U and S’ = S; U.

PRrROOF: With the co-tabulation conditions for B—+D’<5"_C and univalence of R’ and S’ we
obtain:

WS =R:8 ;S CR and W:sR =S8R sRCS .
With Lemma 2.3.4] we know that U := R s R'UU S ;5" is a mapping that factorises R’ and S’.

By the same argument for U, we obtain that U is also bijective. O

Although cocone commutativity is weakened in co-tabulations in comparison with that of
OC-colimits, we still obtain the isotony property:

Lemma 2.3.6 In a collagory C, let W : B <> C be a difunctional morphism.
If the cospan B—L+~D<5_C is a co-tabulation of W, and U, U’ : D — D’ are two morphisms
inCwith R:=UC R:;U" and S: ULC S: U’, then U C U'".

PROOF: From the assumptions, we obtain
RiR;UC R R:;U and S:8;uUCcsS S U

and by combining these and using the last co-tabulation property, we see:

U = (R5RUS:8):U

= RHSR;0UUS 585U

RGR:;U'US S U
(RsRUS :8): U
U’ O

I
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Lemma 2.3.7 In a collagory C, let W, : B« C and W, : C <+ £ be a difunctional morphism.

If the cospan B-2L-D<5_C is a co-tabulation of Wi, the cospan C-£2-F<%2-& is a co-
tabulation of W5, and the cospan D—2+~G<5—F is a co-tabulation of W := (S} 5 Ry)®, then
the cospan BEEG #2°5 € satisfies

RisR:S 58, = (W s W) .
If furthermore
Te © Wy s Wol Was Wy | (*)

then it also satisfies
R R iR RUS 585,355 :8 =1,

i.e., it is a co-tabulation of (W 5 W)™,

PROOF:

RisR:S 38, = Ry WiS)
= Ry:(S]:Ry)®: Sy
Wi (Rys Ry Sy 87) s Wa
Wy (T Was W) s (T Wys WA))*s Wa
(Wy s Wo)E Wi, W, difunctional

I;p, = RRUS ;S
= R (R R US 381)s RUS 5 (Rys RalUSy 3 8)35 8
= RR R RUR S 5 RUS iRy Ry SUS 5853538
= R R iR ;RUR S iRy SUS 38535858 S1iR=Ry: 8
= R R R:;RUS 58,558 see below

The last equality relies on the following inclusion:

R 58 iRy S T RS (W s Wi Was Wy)s Rys S (%)
= RS W s Wi S15 RUS s Rys Was Wys Rys S S1sR=Ry; S
C RRRiRUS Ry Wos Wys Res S Wi 5 C Ry
C RsR R RUS 58,5838 W5 s Ry © 55

U
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A co-tabulation for a difunctional closure Z* satisfies the following equations:
R:S =7 R:iR =2zF S§:8 =29 R :RUS:S=Ip.

This was introduced as a gluing for the morphism Z in [KahO1]. Kawahara is the first to have
characterised pushouts relation-algebraically in essentially this way [Kaw90|; he used relation-
algebraic operations on relations arising in toposes.

In the following, we will relate tabulations and co-tabulations on the one hand with pushouts
and pullbacks on the other hand, and in order to make this discussion less awkward with
repect to formulations, we introduce the following convention that extends the use of the words
“tabulation” and “co-tabulation” from triangle diagrams to encompass also square diagrams:

Convention 2.3.8 For a square of morphisms as drawn to the right, we say that . @
e it is a tabulation iff B<L— A—9.C is a tabulation for R S”, Pl iS
e it is a (direct) co-tabulation iff B—E+~D<>_C is a co-tabulation for P": Q, ® Lo
o it is a gluing iff B—E+~D<2_C is a gluing for P~ ; Q, that is, if it is a co-tabulation for

(P75 Q)& O

Definition 2.3.9 If an allegory has a tabulation for each morphism, we call it tabular.
If a collagory has a co-tabulation for each morphism, we call it co-tabular, and if it is
furthermore tabular, we call it bi-tabular. O

2.4 Least Morphisms in Collagories

We collect now a few properties of least morphisms that hold independent of the zero laws.

Lemma 2.4.1 If the least morphism L 4 5 exists, and F' : B <= C is univalent, then L 4 ¢ exists,
too, and

JLA7B§F:J|_A7C

ProOOF: For any R: A — C we have I 453 C R; F~, and therefore 1L 45 F T R; F" s FC R
using univalence of F', so 1L 45 F is a least morphism. O

2.5 Direct Sums in Collagories

Direct sums can be defined as co-tabulations for least morphisms, but since in collagories, least
morphisms are not assumed to satisfy any zero laws, not all properties one usually expects of
direct sums carry over to the collagory setting.

Definition 2.5.1 For two objects A and B in a collagory for which the least morphism L 45
exists, a cospan A——+ S <£-Bis a direct sum iff it is a co-tabulation for L 4 5. O
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Therefore, if A and B have a direct sum, the least element L 4 g needs to exist, and needs
to be difunctional.

We shall frequently use (implicit, partial) choices of direct sums with the following notation:

ALE A4+ B AEB

Furthermore, given two morphisms R : A — C and S : B — D, and the direct sums A + B and
C + D, we define:

Xap = tapikBAalUkr piiaA
R+S = 15 RitecpUkypiSskep

When using direct sums, we need to be careful since, although we do have 145Kk, 5= Las
from the co-tabulation properties, the least morphism I 45 does not necessarily satisfy any
zero laws.

For example, in general, we only have:

Lemma 2.5.2 For a direct sum A + B and two morphisms R: A— Cand S: B — C:

tas i (taps RUKL 3 S) = RULapsS
kagi(tapi RUKyp:S) = SULpgasR
Proor: We only show the first equation:
tapi (s RUKL i S) = wapitap RUtasikpi S join distributivity
= RULap: S co-tabulation properties O

Lemma 2.5.3 For a direct sum A + B and two morphisms R: A—Cand S: B — C:
o If S is univalent, then 145 (1455 RU K 55 S) = R.

o If R is univalent, then kap: (135 RUK,z:8) = S.
PROOF: Again, we show only the first item:

tapi(taps RUKL s S) = RULapsS  Lemma2.5.2
RUL ¢ Lemma 2.4.1]

R join with least morphism O

From that, we obtain some useful properties of X and +:

asiXap = tapi(tapirBallrygiiga)
= KBA Lemma 253
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and
(R+8):Xep = (tapsRitepUrkypiSiken)i Xep
= a5 RikpeUrypiSitpe
= X.A,B;’f;g,A;R;’iD,CI—IX.A,B;Lz;,_A;S;LD,C
= XA,B;(’f;)”A;R;RD,CI—ILZ;,A;S;LD,C)
= XA7B§(S—|—R)
and
X&A?(R—i—S);XQD = X&A;(L;’B;R?/ﬁpﬁu/ﬁ\A’B%S;LD,c)
= kg RikpeUig 45 5itpe
= S+R
Also:
tasi(R+S) = wapi(typs RitepUkypiSikep)
RQLC7D|_|J.|__A,B5S5FLC’D
HA,BE(R—FS) = K,A733(L;tﬁéRébc’pu/ﬁ;"gésalicp)
SEKC,DUJ.L&A;R;LC’D

and

(P+Q); (R+S5)

(tapi PitepUkyps Qikep)s (R+5)

iapi Pitepi (R+S)Ukyp:i Qikeps (R+5)
= iy Pi(RiterUleps Siker)Urypi Q3 (SikerU Lpei Rster)
= g PiRiterUiypi Pileps SikerUrypi Q5 SikerUryp Qi Lpes Riter
= (PsR+Q:S)UiyziPilepiSikerUryp Q3 Lpes Riter

Lemma 2.5.4 (inspired by [BG03| Def. 4.1]) Let A—+S~<%-B be a direct sum of A and B.
1.If R: S — § is symmetric and transitive, then ¢; R; k™ is difunctional.

2.If W: A — B is difunctional, then S := ¢ W (W s Uk) Uk s W (LU Wi k) is
symmetric and transitive, and ¢3Sk = W.

PRrROOF: The first item is shown by direct calculation:

iRk sk R 505 Rk B i RIR Rk L, k univalent
C sRsRsRi k™ R symmetric
C sRik R transitive

For the second item, S is obviously symmetric. Even if the zero law does not hold, and without
assuming anything about L 45 except that it is a least morphism, we have

vik = L E W
viv = TU L Ly E TUW: W-
kik = TULypilap EIUWS W .
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Together with difunctionality of W and injectivity and totality of + and &, this implies:

(W™ Ur)se = W7
Wi (W siUk)sk = W
WU Wsk)se = W~

UWsk)sk = W

These equations, together with difunctionality of W, allow us to derive transitivity of S:

S5S = s Wi (W hseldr)se s Wi (W s 0UR)
Ue s Ws (Wsedr)se s Wis (U Wi k)
URs W5 (U Wsk)s s Wi (W5 0UR)
Uk s W U Wsk)se s Ws (e Wik)
= W W s Ws(W s 0Uk)
Ue s Ws W (bt Wi k)
Uk W Ws (W 5 0Uk)
U W Ws W (U Wsk)
= s Ws(WsiUrR)UK s Wi (U WsR)
= S
The equations above also give us:
LiSikT = i s Wi (WsiUR) R Uk s W (W WHk) s R
= i s WUk s WH W
(UK W) s W
W O

The corresponding statements for equivalences easily follow from this.

2.6 The Gluing Condition in Collagories

We can now state a relational variant of the gluing condition, first introduced by Kawahara
[Kaw90]:

Definition 2.6.1 Let two morphism ®:G— Land X : L — A in a collagory with pseudo-
complements on subidentities be given

Note that “X” is a capital “x”.
2 Pseudo-complements are residuation of meet in lower semilattice categories; where pseudo-complements
exist, we denote the pseudo-complement or R with respect to S as R — 5, and we have:

XNRCS <&  XC(R-YS)

For example, the pseudo-complement of a subgraph R of a graph G with respect to another subgraph S consists
of all nodes of G that are in S or not in R, and all edges in S or not in R that are also nor incident with nodes
in R. Intuitively, R — S therefore is G with the parts or R outside S removed, and then also all dangling
edges removed.
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e We say that the identification condition holds iff X ; X " CIU (ran®); X X sran® .
e We say that the dangling condition holds iff ran X U (ranX —ran(®; X)) =1 . O

The proofs that the gluing condition is sufficient for the existence

of a pushout complement [Kaw90], and that injectivity of & is suf- r .2 G

ficient for unambiguity of the pushout complement [KahO1] carry

over to the collagory setting, but are outside the scope of this pa-

per. N
Another related condition is important in the context of the

single-pushout approach:

Definition 2.6.2 In an allegory, we call X conflict-free for ® iff ran (®; X; X)) Cran®d. O

For a node-and-edges-level formulation of conflict-freeness it is well-known that the induced
single-pushout squares have a total embedding of the right-hand side into the application graph
[Low90, Cor. 3.18.5]. The component-free formulation above was first given in [KahO1], where
it is also shown (Thm. 5.4.11) that a restricting derivation step for a conflict-free redex produces
a pushout of partial functions.



Chapter 3

Algebraic Collagory Constructions

3.1 Collagories of Semi-Unary Algebras and Bisimula-
tions

In [KahOll [Kah04], relational homomorphisms between unary algebras have been shown to
form a distributive allegory. In this section we generalise this result to collagories by allowing
constant symbols and in turn dropping the zero law requirement.

Most of the mathematical content of this section has been presented and proven in more
detail in [KahO1l, Kah04]. Besides the proof of Theorem B.1.0], also the reformulation using the
sort-indexed product category and the forgetful functor Uy, is new.

Definition 3.1.1 A signature is a tuple (S, F,src, trg) consisting of
e a set S of sorts,
e a set F of function symbols,

e a mapping src : F — S§* associating with every function symbol the list of its source sorts,
and

e a mapping trg : F — S associating with every function symbol its target sort.

Such a signature is called semi-unary if length(src(f)) < 1 for each f : F, and wunary if
length(src(f)) = 1 for each f : F. O

For a function symbol f : F, we usually employ the shorthand “f : s; x---x's, — t” instead
of the rather verbose “src(f) = (s1,...,s,) and trg(f) = t”. For a zero-ary function symbol,
also called constant symbol, we write “f : 1 — t”.

The following example signatures will be used for discussion and results in sections B.2 and B3t

sigGraph := ( sorts: V,E sigPointedSet := ( sorts: S
ops: Ds,Dt:E—V ops: Dpoint : 1 — S

23
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sigPoint := ( sorts: P sigPointed := ( sorts: P,0O
ops: ops: Dp:P— 0O
) )
sigType := ( sorts: T sigTyped := ( sorts: O, T
ops: ops: Dt:0—T

) )

sigNELabels := ( sorts: NL,EL
sigLGraph := ( sorts: N,E,NL,EL

ops:
) ops: Ds,Dt:E— N,
Dn : N — NL,
De:E— EL

)

Definition 3.1.2 For a set S (of sorts) and a category C, we define C®, the S-indezed product
category of C, as follows:

e an object A of C® consists of C-objects s for every s : S;

e a morphism ® : A — B of C% is an S-indexed family of C-morphisms ® = (®,),.s such
that ®, : s* — 55 for every sort s : S.

e composition ;* and identities I® are defined component-wise;
e if C is an allegory, then inclusion C°, meet MS and converse are defined component-wise;

e if C is a collagory, then join LI is defined component-wise. O

One easily verifies that the resulting S-indexed product categories, allegories, and collagories
all satisfy the respective axioms.

When defining Y -algebras in the presence of binary function symbols, we need several techni-
cal conditions on direct products [KahO1l, Def. 3.1.12]; for the current study, we can do without
direct products (at the cost of some duplication of formalisation for unary and zero-ary function
symbols), but we still need OCCs for the characterisation of mappings:

Definition 3.1.3 Given a semi-unary signature ¥ = (S, F, src, trg) and an OCC C, which has
to have a unit 1 if ¥ contains constant symbols, an abstract ¥-algebra over C consists of the
following items:

e an object A of CS,
e for every function symbol f:F with f : s — ¢ a mapping f*: s* — t4in C.
e for every constant symbol ¢:F with ¢ : 1 — ¢ a mapping ¢ : 1 — ¢4 in C. O

It is important to note that, where we use sets as carriers, we have no restriction to non-empty
sets — unlike most of the universal algebra literature.

Since we use this definition to construct an allegory with abstract Y-algebras as objects, the
generality of discussing abstract Y-algebras over allegories allows us to stack this construction
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at no cost at all, with possibly different signatures at every level, building for example graphs
where the nodes and edges are hypergraphs and hypergraph morphisms.

The morphisms in allegories of Y-algebras have to behave “essentially like relations”, and
so it is only natural that we consider a relational generalisation of conventional (functional)
Y-homomorphisms. For arbitrary signatures, this has been presented in [KahO1]. For unary
signatures, one naturally starts with defining L-simulations satisfying ®_;f* C f5;®; according
to de Roever and Engelhardt [dRE9S8], and then proceeds to L-simulations for which their
converse is an L-simulation, too; these are called “bisimulations” in [Kah04].

Definition 3.1.4 Let a signature ¥ = (S, F,src,trg), an allegory C, and two abstract X-
algebras A and B over C be given.

A Y-bisimulation from A to B is a C°-morphisms from A to B such that for every function
symbol f € F with f: s — t and every constant symbol ¢ € F with ¢ : 1 — ¢ the following
inclusions hold:

o, fBC A0, and BT, . O

In the allegory C, this gives rise to the following sub-commuting diagrams (including one for
the n-ary case):

A A A
1 —<¢ A sA ! A shx..xsA 9 tA
]Il\ <, d, b, <, b, D, X X Oy < d,
1 —— tB B — tB SB X X SB [ tB
B s 7B 1 4B

Using Y-algebras over C as objects and Y-bisimulations as morphisms defines a category C*
with an obvious “underlying” functor Us, : C* — CS.

This “forgetful” functor Uy, is faithful. If C is an allegory, then U, reflects inclusion, meets
and converse in the sense that these can be defined for C* via their Uy, images. Therefore, C*
is an allegory, too [Kah0l, Thm. 3.2.6].

We may observe a few simple facts:

o [f C contains an initial object @, and ¥ contains no constants, then we obtain an initial
object Oy, in C* by choosing s%= = & for each sort s and f® = I for each function symbol
f.

e If C contains a unit 1, then we obtain a unit 1y, in C* by choosing s' = 1 for each sort s
and f12 = I for each function symbol f.

Conventional Y-algebra homomorphisms are just mappings in the allegory Rel™ of concrete
Y-algebras over the allegory Rel of sets and concrete relations.

If ¥ contains a constant symbol, then even if the allegory C has least morphisms, then least
homomorphisms in C® are not generally in the range of Us;, and even if C* does have least
morphisms, the zero law will in general not hold for them, no matter whether it holds in C.
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If ¥ contains a function symbol of arity at least 2, then even if C is an upper-semilattice
category, then Us, does not reflect joins, in the sense that Us,(®) US Us(¥) is not necessarily in
the range of Us,. Furthermore, even if C* has joins, composition will, in presence of function
symbols of arity at least 2, in general not distribute over these joins (since non-empty joins do
not distribute over the product x occurring in the homomorphism condition) so C* will not
be an upper-semilattice category.

For semi-unary signatures, however, Us. does reflect joins:

Lemma 3.1.5 If C is an upper-semilattice category, ¥ is a semi-unary signature, and ®, ¥ :
A — B are two Y-bisimulations, then ® LIS ¥ is a 3-bisimulation, too, and is the join in C* of
® and U, that is, @ L¥ U = & LS V.

PROOF: We need to check the bisimulation conditions for unary function symbols f : s — ¢
and for constant symbols ¢ : 1 — ¢:

(@USW), 58 = (D, U, f8 = D58V, fP
E f’A§q)t|_]f'A5\I/t: A;(q)tl_llllt):fA;(CDl_l‘S\I/)t
CB E C'A5(I)tUC'A§\I/t:CA;<¢t|_|\Ijt):CA;(¢US\P)t
The equation ® ¥ ¥ = & IS ¥ follows from the reflection of inclusion by Us.. O

Given the closure of ¥-bisimulations under the converse, meet, and join operations in C®,
properties of C-morphisms for these operations are inherited by Y-bisimulations because of the
component-wise definitions, and we obtain:

Theorem 3.1.6 If ¥ is a semi-unary signature and C is a collagory, then C* is a collagory,
too. Ll

If C has tabulations (respectively co-tabulations), the sort-indexed product category C® ob-
viously has tabulations (respectively co-tabulations), too, and they can be calculated component-
wise. Perhaps surprisingly, these can be extended to the collagory C* of bisimulations between
Y-algebras without problems; we just need to provide definitions for the function symbols of
the “new” objects, and verify all relevant conditions:

Theorem 3.1.7 If ¥ = (S, F,src,trg) is a semi-unary signature and C is an allegory, and

B<2-A-9.C is a tabulation in CS of the Z-bisimulation V : B — C, i.e., for each sort s : S,
B A-9.C is a tabulation of V; : s — s€, then we define for each function symbol f : s — ¢
and each constant symbol ¢: 1 — ¢ in X

fA = PofBiP Qs fC5 Q)
cA = BiPrne; Q)

Then A turns into a S-algebra and P and Q are I-bisimulations, too, so B<2-A-%.C is a
tabulation in C*.
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PRrROOF: We first show the bisimulation conditions for P; those for @) follow analogously:

P,; fB

M1 1

Next we show that f4

(FA)7 A

I

[ 1m

(111

(P Qs Q5 Py) i fB
(Ps1Qs: V)5 fP

P fPN Qs Vs fP

P f8mQ,:f¢: vy

P fPQs:f¢:Q: Py
(P58 Py Qs €5 Q)5 P
fAs Py

Bt vy

Brict; QP
(B:pP;,mct:Q)): P

Qs total

tabulation of Vi
meet-subdistributivity
V™ bisimulation
tabulation of V;

P, univalent

Def. fA

V™ bisimulation
tabulation of V,

P, univalent

A P Def. ¢*
and ¢* are univalent:
(P (75 PLT Q1 () Q)
(P fBs P Qs 65 Q)
Pi (fB) s P Pys fB5 P M
Qi (f9)75 Q)5 Qs f€5 Qf
Py (fB)7 55 Prm Qs (f€)75 5 QF P, Qs univalent
Ps P, 1Qys QF fB, f€ univalent
I,a tabulation of V;

(Pt%(CB)V”Qt%(C)V)'(B'Pf'_'cc;@tv)
Pys(cP) i cPs PrmQrs (¢©)7i ¢ Q)

Py Py Qs Qf

]It.A

For showing totality of f* and ¢, we use all the above:

fA ()

[N

FAS (P (f5)7 PUM Qe s (f€

B, ¢© univalent

tabulation of V;

) 7@5)
= fA Pt’(fB) Pv'_'f Qt’(fc)

i Qy fA univalent

P fB5(fB) s P, Qys fC5 (F€) 5 Q) P, @) bisim.

Py PLT1Qs s Q
[

A (P (B Qs (c€))
AP (B) Mets Qs ()
B (B mels ()

Iy

1B, € total
tabulation of Vj

A

¢ univalent

P, @) bisim.
B, ¢ total O
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Theorem 3.1.8 If ¥ = (S, F,src,trg) is a semi-unary signature and C is a collagory, and
B-£.D+2C is a co-tabulation in C® of the -bisimulation W : B — C, i.e., for each sort
s:S, B-LD Cis a tabulation of W, : s2 — s€, then we define for each function symbol

f s — t and each constant symbol ¢: 1 — t in X:

2=

P = BiRUCEC;S,

R :fBsR, LS, fC: 8,

Then D turns into a Y-algebra and R and S are ¥-bisimulations, too, so B—2+-D<5C is a

co-tabulation in C*.

ProoOF: We first show the bisimulation conditions for R; those for S follow analogously:

RoifP = Ry (R:f5 RS fC58))
= Ry R :fB3 R UR,: S5 ¢3S,
— (s U W, W) s B ReU Wys €5 8,
= By R U W W) fB i Rou Wi f€5 5,
C iR U W fCs Wy s Ryu Wy f€5 8,
C fBsR,UW,:f¢: S,
C fBsRUfBs WS,
C fPR,

c? = BiR, U S,

= BiRUF WS,
= BB,

Totality and univalence of ¢P follows immediately from P

easily obtain totality:
Pi(fP)y = (R, :fBsR,US5fC58)

i ( ;5(fB)V;Rs|—|S;5<fC)V;SS>

3 R fBiRs R (fB)7 5 R,
ST fC5 885 (f6) 7 S,
3 R fBs(fB) s Res ST fC5 (f€)75 S
3 R;iRs5 8,5 Ss
— Lo

Univalence of fP:

PP = (R (fP) s Ryu Sy s (f€)7: 85) 5 fP
= R (fB) s Ry fPUS s (F€) 5 8s5 fP
R (fB) s B RS, s () 5 f€5 S,

(111

R, R LIS, 535

]ItD

Def. fA

join distr.
co-tabulation of W
join distr.

W™ bisimulation
co-tabulation of W,
W bisimulation

co-tabulation of W,
Def. ¢P
W™ bisimulation

co-tabulation of W,

= ¢B; R, shown above; for f?, we

Rt, St total
15, € total

co-tabulation of W

join distr.
R, S bisimul.
f5B, f€ univalent

co-tabulation of W, O
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3.2 Reducts Along Signature Homomorphisms

While the concept of Y-algebra is sufficient to capture, for example, unlabelled graphs as
sigGraph-algebras, categories of labelled graphs are frequently considered as having fized label
sets, which means that only certain sub-categories of Set¥8-"P" are considered.

We use the concept of reducts to formalise this in a general way. In the example, we
consider the reduct of Set*8-°2P" to the sub-signature sigNELabels. The fixed label sets under
consideration form a one-object sub-category K of Sets8NELabels and in order to obtain graphs
labelled over these label sets, we restrict attention to objects in Set*8-¢"P" for which the reduct
lies in that sub-category K.

The current section introduces and studies the reduct relator. This is employed in Sect. 3.3
to implement the restriction of ¥-algebra collagories via reduct-side sub-categories. This single
construction principle for generating concrete bi-tabular collagories corresponds, as shown in
Corollary 3.3.7] to several categorical constructions that are known for adhesive categories.

Definition 3.2.1 Let ¥ = (S, F,src,trg) and g = (Sgr, Fr, SIcr, trgg ) be two signatures, and
let o : ¥g — X be a signature homomorphism.

For any X-algebra A, such a signature homomorphism o : g — ¥ induces a Yg-algebra
A|o, the o-reduct of A, in the following way:

e For every sort r : Sy, its carrier is 7417 = (o r)A

)

e for every function symbol f € Fy, its interpretation is f47 = (o f)4. O

It is easy to verify that A|o is indeed a Yr-algebra.

If o : ¥g — X is a sub-signature embedding, then we also call A|o the Yg-reduct of A and
write also A|YR.

Since our signatures are a special case of sketches [BW99, Chapters 4,7,8,10], |o is a special
case of what Barr and Wells call “model category functor”. We complete the definition and
show that is is a relator:

Definition 3.2.2 For a signature homomorphism o : ¥z — ¥, the o-reduct of a C®-morphism
® = (®,)4.s is the CS*-morphism ®|o = ((®|0),).s, With (®|o), := &, ,. for every r: Sg. [

Proposition 3.2.3 For a signature homomorphism o : ¥g — X, the o-reduct of a >-bisimulation
is a Yr-bisimulation.

Furthermore, the reduct operation |o is an allegory relator from C* to C*® and therefore
also a functor from Map (C*) to Map (C*®).

PROOF: Bisimulation property: For any n-ary function symbol (we do not need the restriction
to semi-unary signatures here) f : r; X -+ X 1, — ¢ in Fgr:

(Plo)y X - X (Blo)y, ) fB
— ((I)Url X o0 X (I)grn )é(O'f)B E (O-f)A;(I)Jq _ f‘ALU;(Q)Lg)q

Preservation of identities:

L4lo = ((Ta)ses)lo = (Lo rya)resy = ((Lraio)resy = Lajo
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Preservation of composition:

((I) ;Z lI]) LU = ((q) ) \II)O'T‘)TGSR = (q)a'r ) \IJO"I”)TGSR
= (Por)resn i (Yor)resy = (@lo)® (V]o)

Preservation of converse:

Qo = ((CDV)UT)TGSR = ((¢U7’)T€SR)V = (CI) LU)V

Preservation of meet:

((ID [—lz \Ij) LU = ((q) M \IJ)O'T)T‘ESR = ((I)UT M qjar)TESR
= ((DUT>TESR r (\IIO'T)T‘ESR = <(I) LO_) I—]ER (\D LJ) U

Joins that are defined component-wise are preserved in the same way.

Obviously, the reduct relator is in general not full if o is not injective on sorts.

If o is injective, we can “replace in A its reduct part along a morphism to A|c”, which will
be useful in the next section:

Theorem 3.2.41f 0 : ¥y — X is an injective signature homomorphism, then the reduct
functor |o is a fibration [BW99L 12.1].

PRrooF: If A is an object in C*, R is an object in C*®, and ¢ : R — A|o is a morphism in
C*®r, then we construct an object B in C* and a morphism 1 : B — A as follows:

e For every s : S outside the range of o, we let s% := s4 and v, := I 4.
e For every r : Sg, we let (o 7)8 := r® and ¢, , := ¢,.

e For every f : F outside the range of o, we let f5 := 1Z)Srcf P fAG @Z)tvrgf

e For every g : Fgr, we let (0 g)® := ¢;Cg; g”; Prrgy
Well-definedness is easily verified. We can now show that v is cartesian for ¢ and A:

Ifv:Z— Ain C* and h: Z|oc — R such that h; ¢ = v|o, then w : Z — B defined by

o for every s : § outside the range of o, let w, := vy,
e for every r : Sy, let w,, := h,,

obviously satisfies w ;1 = v and w|o = h, and obviously is the unique such arrow. O

3.3 Reduct-Restricted >-Algebra Categories

In the following, let o : ¥g — ¥ be an arbitrary but fixed signature homomorphism, and K a
sub-category of C¥®. We will further assume that K is contained in the image of |c — this
restriction is not essential, but frequently allows more concise formulations.

Definition 3.3.1 The o, K-restriction of C* contains exactly those objects and morphisms for
which the image under |o is in K.
We denote this restriction as C7lx. O



3.3. REDUCT-RESTRICTED ¥-ALGEBRA CATEGORIES 31

Because relators preserve identities and composition, and K is a category, the restriction C7lx
is a category again.

The technical importance of the assumption on K is that it provides surjectivity on homsets
for the reduct relator:

Proposition 3.3.2 If K is contained in the image of |o, then the restriction of |0 to C7lx is
a full relator. O

If o is a sub-signature embedding, we also write C¥lx instead of Clx. If, in addition, the
restriction category K contains only one object £ and its identity, we also write C>lc.

This latter case covers in particular the situation where > contains only label sorts and £
fixes the label interpretations, producing for example a category of labelled graphs with fixed
label sets.

Note that every one-object-one-morphism category has all limits and colimits and is not
only an allegory, but even a (trivial) relation algebra, and also a bi-tabular collagory. This
therefore provides an important special case for many of the properties in the remainder of this

paper.
Proposition 3.3.3 If K is a sub-allegory of C*®, then C?lx is an allegory.

PROOF: Assume that ®|c and ¥|o are in K. Since K is closed under converse and meets,
O7|o = (Plo) and (PM1V¥)|o = (Plo) M (V]o) are in K, too.

Therefore, C?lx is closed under converse and meets, too, and therefore is a sub-allegory of
C*>. O

Proposition 3.3.4 For semi-unary ¥, if K is a sub-collagory of C*®, then C/x is a collagory.

PROOF: Assume that ®|o and V|o are in K. With Lemma B.1.5 and since K is closed under
joins, the join (® L* ¥)|o = (®|o) U*r (¥]o) is in K, too.

So C7Ix is closed under joins, too, and therefore is a sub-collagory of C*. O

This join preservation works in particular in the case where K is a one-object-one-morphism
category, since in that case, non-empty joins in K are still inherited (trivially) from C*=.

Empty joins, i.e., least morphisms, however, are generally not inherited in the one-object-
one-morphism category, since identity morphisms are rarely least morphisms in C*®. Therefore
the zero law does in general not hold in C7lx. A simple example for this arises in Set587ontedl}
i.e., the allegory of relational homomorphisms between pointed sets: The presence of the point
induces exactly the same counterexamples as the presence of a zero-ary function symbol, for
example if O = {0, 1}, and the point (respectively the value of the constant) in A is 1, then
Loaoa = {(1,1)} is a non-trivial closure of the non-inherited least element of K, and with
R:={(0,1),(1,1)} we have R; L = R # L.

Since the reduct relator |o distributes over all relevant operations, it also preserves tabula-
tions and co-tabulations, i.e.:

o If the span B~ A-“.(C is a tabulation for the morphism V : B — C in C*, then the span
Blo£2 Alo-2%C|o is a tabulation for (V]o) : Blo — Clo in C¥®.
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e If the co-span B—E+D<2_C is a co-tabulation for the difunctional morphism W : B — C
in C”, then the co-span Blo 2% D|c2C|o is a co-tabulation for (W o) : Blo — Clo in
C>r,

Theorem 3.3.5 For semi-unary Y, if ¢ : ¥z — ¥ is injective, K is a sub-collagory of C¥&,
the morphism V : B — C has a tabulation B<2—A4-9.C in C¥, and Vo has a tabulation
Blo L Ay-9.Clo in K, then V also has a tabulation in C%x,

PROOF: Since tabulations in C*® are unique up to isomorphism, there must be an isomorphism
¢ : Ay — Alo. According to Theorem B.2.4] we obtain a cartesian morphism ) : A; — A for
¢ and A, and since this is also an isomorphism, B2 A; “’%.C is a tabulation for V in C7lx.[]

The corresponding statement for co-tabulations is shown in the same way, so we obtain as
result:

Theorem 3.3.6 For semi-unary ¥ and an injective signature homomorphism o : ¥g — X, if C
is a bi-tabular collagory and if K is a bi-tabular sub-collagory of C*®, then C°/x is a bi-tabular
collagory, too. O

This includes all the systematically constructed examples for adhesive categories provided
by Lack and Sobociniski [LS04], in particular the following uses of a one-object-one-morphism
collagory K:

Corollary 3.3.7 If C is a bi-tabular collagory, then the following are bi-tabular collagories,
too:

o CsigPointedlc for any object C (conflating C in C with the sigPoint-algebra that assigns C to
the sort P) — this is equivalent to the co-slice category C/C,

o CsigTpedle for any object — this is equivalent to the slice category C/C,

e node- and edge-labelled graphs considered as sigl Graph-algebras with fixed node and edge
label sets. O



Chapter 4

Co-Tabulations as Bicolimits and Lax
Colimits

4.1 OC-Colimits: Bicolimits in Ordered Categories

Ordered categories are a simple example of 2-categories and bicategories: between two mor-
phisms there is at most one two-cell, and there is a two-cell between two morphisms R, S : A — B
it RCS.

Therefore, there is an invertible two-cell between R and S if and only if R = §.

The general notion of bicolimits takes as its point of departure a diagram defined via a
functor from a category. We introduce a specialised variant of the definition used in [HS09] by
restricting our attention to ordered categories.

Definition 4.1.1 Given a category C, an (index) category J, a functor D : J — C defining a
diagram, and an object D, a cocone n from D to D consists of a morphism 74 : DA — D in
C for each object A of J, satisfying the following cocone commutativity condition:

DFing=ny for each morphism F': A — B in J. O

Definition 4.1.2 Given an ordered category C, an (index) category J, and a functor D : J —
C, an OC-colimit of D is given by

e an object D of C, and
e a cocone 7 from D to D
satisfying the following conditions
1. factorisation: for any other object D’ of C with cocone « from D to D', there is a morphism
h :D — D' in C with
nash =ky for each object A in J.

2. isotony: for any other object D’ of C and any two morphisms h,h' : D — D' if ng: h C
N4 ' for all objects A in J, then h C A’ O

33
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Lemma 4.1.3 If the cocones 7 from D to D and « from D to D’ are both OC-colimits of D,
then there is an isomorphism U : D — D’ such that

Nas U=kKay for each object A in J.

PROOF: Because of the factorisation property (in Def. [£1.2)) of 7, we only need to show that
U is an isomorphism.

From the factorisation property of k, we obtain a morphism V : D’ — D with, for each
object A in J:
NA = RKRAa> VI?]_AS Uu;Vv

Using isotony of n with h = Ip and b’ = U ; V, we obtain I C U ; V; by swapping h and A’
we obtain the converse inclusion, and therefore equality U ; V = Ip. In the same way, we also
obtain V'; U = Ip/, so U must be an isomorphism (and V its inverse). O

Note that in an allegory, R is an isomorphism iff R is a bijective mapping [F'S90, 2.135].

It is instructive to investigate OC-colimits for one-object one-morphism diagrams:

Lemma 4.1.4 Let J = e, and let the diagram functor D be defined by De = A. Then
R : A — D is an OC-colimit for D iff R is an isomorphism.

PROOF: Any R : A — D is trivially a cocone from D to D, and we have:

1. For any other object D' of C with R' : A — D', we can choose h := S ; R to obtain
factorisiation if S is a right-inverse of R, that is, R; § = I 4:

Rih=R;S:;R =14;R =R

2. For any other object D’ of C and any two morphisms h,h' : D — D', if R; h T R h/, then
we obtain isotony if () is a left-inverse of R, that is, @ ; R = Ip:

h=Ipih=Q:R:hE Q:R:h =Ip;h="Hn
This shows that if R is iso, then it is an OC-colimit for D.

Therefore, I 4 is an OC-colimit for D.

Since OC-colimits are unique up to isomorphism by Lemma [£LT.3] for any given OC-colimit
R’ for D there is an isomorphism U factoring it over I 4 and we have R’ =1,4: U = U . O

4.2 Co-Tabulations Produce OC-Pushouts

A co-tabulation for a difunctional closure Z* satisfies the following equations:
R:S =2 R:iR =27F ;8 =29 RiRUS:S=1Ip.

This was introduced as a gluing for Z in [Kah01]. Kawahara is the first to have characterised
pushouts relation-algebraically in essentially this way [Kaw90]; he used relation-algebraic op-
erations on relations arising in toposes.
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Lemma 4.2.1 Let C be a collagory, and let B<2-A-9.C be a span in Map C, that is, P and
() are mappings.

If the cospan B—L~D <2 C in the collagory C is a co-tabulation for W := (P”; Q)®, then
it is a cocone for B«f—A-9+C in MapC.

PrRoOOF: The co-tabulation properties imply that R and S are mappings. For commutativity,
we first show one inclusion:

PiROP:;RstanS=P:R:S :S=P;(P:Q)¥:SIP:P:Q:53Q:8
The opposite inclusion is derived in the same way, so we have equality. O

Lemma 4.2.2 Let C be a collagory, and let B«f—A—2+C be a span in Map C, that is, P and
() are mappings.

If the cospan B—~D<+2-C in the collagory C is a co-tabulation for W := (P™: Q)¥, and
BE.D' 8 Cis acospan in C with P: R = Q:5’, then U : D — D with U := R R'LUS ;S
satisfies the factorisation property, i.e., R; U = R’ and §; U = 5’, and U is a mapping if both
R’ and S’ are.

PRrOOF: Commutativity P R = @ ; S’ together with univalence of P and ) implies
P;:Q:58=P:;P;:RCR and QP;R=Q:Q:5C¢8 .
Using left induction for difunctional closure, this gives us:
W:S =P Q)% SCR  and W iR =(Q:P)¥P;RCS .

With Lemma [2.3.4] we then know that U := R™s R’ U S™; S’ is a morphism with R; U = R’
and S; U =5, and a mapping if R’ and S’ are mappings. O

DL gDy N
P A pN P

B B

Theorem 4.2.3 Let C be a collagory, and let B<Z—A-2+C be a span in Map C, that is, P
and () are mappings.

If the cospan B—2+D<«5_C in C is a co-tabulation for W := (P"; Q)=, then that cospan is
an OC-pushout for B~ A-2.C.

PRrROOF: Factorisation has been shown in Lemmald.2.2] and isotony follows from Lemma [2.3.6] 7

The path to obtain this was in fact only a slight adaptation of the following fact which was
shown directly in [Kah09b, Thm. 4.9] by adapting the argument of [Kah0l, Thm. 5.3.5], and
which now easily follows:
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Corollary 4.2.4 Let C be a collagory, and let B<2—A—%+C be a span in Map C, that is, P
and () are mappings.

If the cospan B—L~D <2 C in the collagory C is a co-tabulation for W := (P”; Q)®, then
it is a pushout for B<2—-A-9-C in Map C. O

For pushouts along injective mappings, the difunctional closure becomes trivial:

Lemma 4.2.5 If a span B<2—A—2.C of mappings is given with @ injective, then P~ Q is
difunctional (and therefore (P™; Q)¥ = P75 Q).

PROOF: Since P, as a mapping, is difunctional, we have

P5Q:Q sPsP Q=P :;P;P Q=P Q. O

Furthermore, co-tabulations preserve injectivity:

Lemma 4.2.6 If a span B2 A—%.C of mappings is given with Q injective, and B—£+~D<5-C
is a co-tabulation for P7; @), then R is injective, too.

Proor: Using injectivity of ¢ and univalence of P in one of the equations from Prop. 2.3.3
gives us injectivity of R:

RiR =1TUPQ;(P Q) =IuP:Q:;Q sP=IuP;P=1I. O

With that, we can show that, essentially, a pushout over an injective mapping is also a pullback:

Lemma 4.2.7 If a span B<£— A—%.C of mappings is given with Q injective, and B—~D+5-C
is a co-tabulation for P™; @, then B~£—.A-9.C is also a tabulation for R S

PROOF: Cross-commutativity ;.S = P~ () is already contained in the co-tabulation condi-
tions. Since @ is injective and P is total, we also obtain

P:PMQ:Q =P:;P NMlyg=1I4 . O

4.3 Lax Colimits in OCCs

For lax cocones, we only need the concept of lax functor, which differs from the functor concept
in that a laz functor D only needs to satisfy Ip 4 C DI 4 and (D f);(Dg) C D(f;g), see, e.g.,
[Stu05, Sect. 8, p. 37ff].

Again, we provide specialised definition of lax cocones and lax colimits for the ordered
category case:

Definition 4.3.1 Given an ordered category C, an (index) category J, a lax functor D : J — C
defining a diagram, and an object D, a lax cocone n from D to D consists of a morphism
na : DA — D in C for each object A of J, satisfying the following cocone subcommutativity
condition:

DFingCny for each morphism F : A — Bin J. O
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Definition 4.3.2 Given an ordered category C, an (index) category J, and a lax functor D :
J — C, a lax colimit of D is given by

e an object D of C, and
e a lax cocone 1 from D to D
satisfying the following conditions
1. factorisation: for any object D’ of C with lax cocone k from D to D', there is a morphism
U:D — D in C with
nas U =ky for each object A in J,

2. isotony: for any object D’ of C and any two morphisms U, U’ : D — D' if ng:; U E ny: U’
for each object A in J, then U C U’. O

Proposition 4.3.3 If the lax cocones 7 from D to D and x from D to D’ both are lax colimits
of D, then they mutually factor over isomorphisms.

PROOF: Let U : D — D' and V : D' — D be the two factorisation morphisms, i.e., with
nas U =Ky and ka3 V=m4 for each object A in J.

Then we also have, for each object A in J,

UA;U;V = Ii_A§V = Na = 77A5HD7
IiA§V§U = nA;U = Rgqg = HAé]ID/,

and we obtain, from isotony, U ; V = Ip and V ; U = lp/, that is, U and V are inverse
isomorphisms. O

Instead of considering lax colimits in general ordered categories, we consider a specialised
variant for diagrams in OCCs. We want to make sure that for each morphism in the index
category, its converse is in the index category too, and we currently see no harm in demanding
not only that, but even that the index category is an OCC.

We consider “e — o” to denote an OCC with the homset from the first object A to the
second, different object B containing exactly one morphism, say F', from A to B. As an OCC,
it needs to also have F'~, which will be the only morphism from B to \A. Since in this OCC, also
F 5 F7; F needs to exist as a morphism from A to B, it has to be equal to F', which therefore
is difunctional.

A lax functor D mapping F : A — B to W : A" — B’ has to satisfy
W:W  :;W=DF;DF);DFCD(F;F ;F)=DF=W |

so it can map F only to difunctional morphisms.

Furthermore, if, for a lax cocone, its source J is considered as an OCC, this implies that for
each morphism F' : A — Bin J, also the converse morphism F~ : B — A needs to be considered.
Such a lax cocone therefore automatically has to satisfy both the following conditions:

DFing & na

(D F) E } for each morphism F : A — Bin J.
‘Na = 1B
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Convention 4.3.4 Given a morphism W : B — C in the OCC C, we will frequently identify
W with the functor D mapping the single morphism explicitly mentioned in the OCC o — e
to W.

(Since we are dealing with an OCC, that morphism also has a converse, which then must
be mapped to W™.) O

A lax cocone from W to D therefore is a cospan B—2+D<5—C satisfying W S C R and
W sRES.

We explicitly state the definition of resulting special case of lax colimits:

Definition 4.3.5 An OCC-colimit of W : B — C in the OCC C is a lax cocone B—f~D<5
from W to D satisfying the following conditions:

1. factorisation: for any object D’ of C with lax cocone B-~D'<5_C from W to D', there
is a morphism U : D — D' in Cwith R: U=R and S;: U =5 ;

2. isotony: for any object D’ of C and any two morphisms U, U’ : D — D' if R: U C R; U’
and S; ULC S U', then ULC U'. O

Lemma 4.3.6 Let B<2—A-2.C be a span in Map C, that is, P and Q are mappings.

If the cospan B—+D+5—C in the OCC C is a cocone for B~L—A-%-C, then it is also a
lax cocone from P~ ; @ to D.

If, furthermore, W := (P~; Q)¥ exists, then that cospan is also a lax cocone from W to D.

ProoOF: Commutativity P; R = @ ; S together with univalence of P and ) implies the lax
cocone properties from P~ Q:

P:Q:S=P :;P:RCR and Q  PsR=Q :Q:;5SCS .
Using left induction for _&, this shows that B—~D<5_(C is also a lax cocone from W to D:

W:S=(P:Q)¥:SCR and W iR=(Q ;P)P;RCS . O

Lemma 4.3.7 Let B<2—A—2.C be a span in Map C, that is, P and Q are mappings.

If the cospan B—+D<5_C in the OCC C is an OCC-colimit for W := (P”: Q)¥, and
B-E.D' 5 C is a cocone for B<L— A—9.C, that is, a cospan in C with P; R = Q; ', then
there is a morphism U : D — D’ that satisfies the factorisation property of OC-pushouts, i.e.,
R;U=R and S;: U =25"
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%

PROOF: From Lemma H3.6] we know that B-2+D'<5C is also a lax cocone from W to
D’. From the factorisation property of OCC-colimits we then know that there is a morphism

U:D—-D withR;:U=R and §; U = 5". O

This, together with the fact that the isotony properties of OC-colimits and OCC-colimits
coincide, immediately implies:

Theorem 4.3.8 If a cospan B—2~D<«2C is an OCC-colimit for (P75 Q)®, then it is also an
OC-pushout for B~ A-%.C. O

Lemma 4.3.9 If, in an OCC, a cospan B—2+~D<2( is a lax cocone from W := (P7: Q)¥ to
D, then it is also a cocone for B<£—A-9.C.

PROOF: The lax cocone property here means that we have:

(P:Q)¥:8 C R
(Q:P¥E;R C S
This implies in particular:
P5Q:;S C R
QPR C S
and, with totality of P and @,
Q:;S C P;P:;Q:S C P;R
P;:R C Q:;Q :sP;sR C @:95,
so we have equality P R = Q; S and therefore a cone for B<2— A-9.C. O

From this, we now easily obtain also the converse implication to Theorem 3.8

Theorem 4.3.10 If, in an OCC, a cospan B—2+D<2C is an OC-pushout for B~ A-9.C,
then it is also an OCC-colimit for W := (P7; Q).

PROOF: From Lemma E3.6l we know that B—f+D<«2_( is also a lax cocone from W to D.

If B-E.D' 5 C is a lax cocone from W to D', then we know from Lemma 3.9 that it is
also a cocone for B2~ A-9.C.

The theorem then follows since the appropriately instantiated factorisation and isotony
properties of OCC-colimits for W then coincide with those for OC-colimits for B~2—A-9%-C.00
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4.4 OCC-Colimits are Co-Tabulations

Theorem 4.4.1 If a cospan B—2+D <2 in a collagory is a co-tabulation of W : B — C, then
it is also an OCC-colimit for W.

PRrOOF: Immediate from Lemma [23.4] (factorisation) and Lemma 2:3.6] (isotony). O
Lemma 4.4.2 If, in an allegory, B—2+D<2_C is an OCC-colimit for W, then

W 5R = SsiranR W 5R;R = S5 R
W;:;S = Rsran§ Wi:S:S§ = R;S

PROOF: Let Ry = WS and Sy = S. This defines a lax cocone B-£-D<% C from W to D,
since:

W iRy = W sW:;SC W sRES =5 ;

Wi:iSy = W:S = Ry .

Then factorisation gives us a Uy : D — D such that Ry = W ;S =R; Uy and S =85 = 8§ Up.
Since R: Uy= W :SCR=R:lpand S: Uy =S5 C S:lp, isotony gives us Uy C Ip.

So Uy is a sub-identity, and S = S; Uy implies ran S T U,. Since composition of sub-identities
is meet, we obtain the following (which implies Uy = ran S):

W:S=W:;S:ranS=R; Uj;ranS = Riran§
Analogously, W75 R = S ;ran R also holds, and these further imply

W 3R;iR =S8R and W;:;S:;S =R;S . O

Lemma [4.4.2] does not use difunctionality of W, and implies:
WsWsWHsR = Wi Ws;SsranR = W iRsranSsranR
= W iRi;ranS = SsiranRi;ranS = SsiranR = Wi R

and, analogously, W: W7 W:S = W:S. Therefore, even with a weaker concept of OCC-colimit,
we would still have, in some sense, “almost-difunctionality” of W.

Lemma 4.2 did use allegory properties (for sub-identities); for showing the converse im-
plication to Theorem [.4.1] we need full collagories:

Theorem 4.4.3 If, in a collagory, W : B — C is a difunctional morphism and B—£+D<2-C
is an OCC-colimit for W, then it is also a co-tabulation for W.

PROOF: Let Ry = W and S; = I U W5 W. This defines a lax cocone B-f4.C <5 C from W
to C, since (using difunctionality of W):

WV§R1 = WV§WE;91
Wi:S = WileuW s W) = WuUWs W W =W =R
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Then factorisation givesus a U; : D — C such that By = W =R; Uy and S} =1 U W™ W =
S5 Up. This immediately implies that S is total and U is surjective, and with the same argument
we also obtain that R is total.

We further have

R:S = W;S§8:58 Lemma (4.4.2]
J W S total
= R;U;
S8 3 I.UW ™ sRsR W S total, W s RC S
J I.uWsw R total
= S U;

With isotony, this implies S~ 3 U;, which produces W = R; Uy E R; S".
Now:
RidomU;, C R; U Ul
W Uy
= W U;sdom U
R ;dom U;

I

which implies equality:
RidomUy =R; Uy U = W Uy .

Similarly:

SidomU; T S;U s Uy
(Ile W W5 W) Uy
Uyuw s Wi Uy
U UW™; R;dom Uy
Uy uS;idom Uy
S idom U,

i

which implies equality:
Sidom U, =855 U5 Uy

From these two equalities together, isotony produces:
dom U; = Uy Uy

so U is also injective.

Furthermore, we have (using difunctionality of W):

Ridom U8~ = Wi U8 = Wi(leUW s W) = W = R Uy

Sidom Uy ;8 = S U U5 8
= (LU W W)s(leUW s W) = T.uW s W = 8;50U; .
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With isotony this produces dom U; ; S~ = U;, which we use to define S’ : C — D as:
S":=S:dom U, = U]
From the above, we know that S’ is a mapping, and that:
R;:S"™ = R;U; = W
S = SidomU s U = SsU; = oUW s W
For easier reference, we explicitly present the results of mirroring the starting configuration
made up by R; and S; above. Therefore, we obtain U; : D — B via factorisation of the lax

cocone B-f2. B<22_C formed by of Ry = IUW; W~ and S, = W™, with Ry = IUW;:; W~ = R; U,
and So = W~ = 8§ U,, and we obtain first R~ J Us, and then

RidomU, = R;Uy; Uy
SidomU, = SiUys Uy = W75 Uy

implying dom Uy = Us 5 Uy and dom Uy 5 R~ = Us, which we use to define
R :=Ri;dom U, .
R’ is a mapping, and we have
ST = W
R R = Igu Wi W~

So far the results of the development of U, in parallel with the explicit development of U
above.

Now we relate U, and Uy, i.e., R’ and S’:

Ridom U s R~ C R; U U s R

= Wi W~
R: R”
SidomU s R™ = S: U U R
(I W75 W)s W~
W
= S R"

Ir1

From this and the analogous symmetric development, isotony produces:

Rl
Sl

R;dom U

C
Sidom Uy, C

This shows the following cyclic inclusion chain:

W=R:;58 =RidomU:S"CR:S"C W,
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which contains the first co-tabulation condition:
W=R:;8" .

We furthermore have:

R;(R"sRUS™:S) = R:RRUR:S 58 L-distributivity
Tuw; W) RRUW;S R:S" =W
= RUW:;W iR UW;S L-distributivity
RUW;S W7 s R'C S
R W;S' CR

and, analogously, S (R s R'U S5 S") = S, which implies, with isotony, the last co-tabulation
condition " R'U S S =1p.

This shows that R’ and S’ define a co-tabulation. According to Theorem[£.4.T], co-tabulations
are OCC-colimits, and according to Prop. [£3.3, OCC-colimits are unique up to isomorphism,
so there must be an isomorphism U : D — D with R’ = R: U and S’ = S; U, and therefore
R=R;:;U and S=5"; U". Then:

R:S" = R;U:U:;S” = R;:8 =W
R;sR- = R:sUsUsR™ = RR™ = 1IguWs W~
S:ST = S UsU:8 =88 =ITo.uWs W

R5RUS ;S = UsR;R ;U UU;8:8 U0
= Us(RRUS:S):U = Uslps U = Ip

Therefore, the original OCC-colimit is a co-tabulation, too. O



Chapter 5

Van Kampen Squares and Adhesive
Categories

5.1 Adhesive Categories and Van Kampen Setups

Adhesive categories as a more specific setting for double-pushout graph rewriting have been
introduced by Lack and Sobocinski LS04, [LS05]; the following two definitions are taken from
there:

Definition 5.1.1 A van Kampen square (i) is a pushout which satisfies the following condition:
given a commutative cube (ii) of which (i) forms the bottom face and the back faces are pullbacks
(where C is considered to be in the back), the front faces are pullbacks if and only if the top
face is a pushout.

C
AN A/T/ gD/'T/b
A B c d
oA VATTTA
» AT

(i) (ii) O

Definition 5.1.2 A category C is said to be adhesive if

1. C has pushouts along monomorphisms;
2. C has pullbacks;

3. pushouts along monomorphisms are van Kampen squares. O

For more concise formulations, we define:

Definition 5.1.3 A van Kampen setup in a collagory C for a square as in Def. E.I1.1](i) is a
commuting cube in Map C as in Def. (. 1.1I(ii) where the bottom square is a gluing and the two
back squares are tabulations. |

44
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For reference, we expand this into the implied equations:

Lemma 5.1.4 In a collagory C, a van Kampen setup in Map C means that the following hold:
Bottom gluing:

G:N" = (M:F)¥ G:GUN N = Ip G:G = (M ;F)P»
N:N = (M ;:F)¥
Back tabulations:
cm = Msia cic NMmsm = g cic = IeMMsa sas M~
mim = IgMasM s Msa
cif = Fib cic Mfsf = I ciec = IeMFEsb 50 F-

f5f = Ignb; F 5 Fs5b
Remaining commutative squares:
mig = fin g;d = a:G nid = biN O

5.2 Maps in Collagories form Adhesive Categories

The equations in Lemma [b.1.4] are now used to prove the following:

Lemma 5.2.1 In a collagory, if the front squares of a van Kampen setup are tabulations, then
the top square is a gluing. If furthermore M~ ; F' is difunctional, then m™; f is difunctional,
too.

PROOF: Besides the assumptions in Lemma B. 1.4l we also have in particular the following
equations for the two front tabulations:

gig = IpnNd; G5 Gid gig Masa = Iy
nisn = IpNdiN 3 Ns;d

These front tabulation equations alone are sufficient to propagate sharpness from the bottom
co-tabulation to the top square:

gigunsn = IpN(d;G3Gid Uds N 3 Nsd) front tabulations

IpMd; (GsGUN 3 N)sd” join-distributivity
IpMd;Ipsd bottom co-tabulation
IpMdsd” identity law

Ip d total

Lemma 23.1] give us the inclusion (m™; f)® C g: n~ for the top square, so for gluing cross-
commutativity we only need to show the opposite inclusion:

gin = gin MNg;d;d ;n” d total
= gin MNa;GiN ;b front squares commute
= gsn MNa; (M5 F)¥:5b”  bottom co-tabulation

= (m 5 f)¥ _® induction (see below)
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The last step is based on the equation ¢g; ¢ Masa = 4 arising from the front tabulation, and
the following two inductive inclusions (for arbitrary R : A — A and S : A — B):

gin MNasRs (M 5 F);b” =

gin MNasRiM ¢ s f

back tabulation

(gin sf MasRs M 5¢)sf f univalent
(g;gsm MasRsa sm7)sf top, left commut.
(959 I—la,R;av);(mv;f) m univalent
gig MasSs(FsM)sa = gigNasSsF ¢ 5m back tabulation
= gig MNa;S;b 5[ sm left commutativity
= (gigsm Na;S:b75f)im m univalent
= (ginsf Na;S:b75f)im top commutativity
= (¢gsn MNa;S:b07):(f sm) [ univalent
For the case where M~ ; F' is difunctional, the first of these equations implies, with R := I,
direct co-tabulation cross-commutativity g s n~ = m s f, and therewith difunctionality of the
latter. O

Lemma 5.2.2 In a van Kampen setup where the top square is a gluing, the front squares
cross-commute.

PROOF: We only show cross-commutativity of the right front square, d: N~ = n"; b, since the
situation of the other front square is perfectly symmetric.

d:iN~ = (¢gsgUn"sn)sds N~
= ¢gs5g5d; N Un sn;d; N”
= ¢gs5a;G;N Un 505N N™
= g as (M sF)Eun b (M F)2
= gsa(MF)BEUn b (IgUF s Ms (M5 F)®)
= n:bU(g ialUn sbs F s M) (M F)¥

= n b

top gluing
join distributivity
front squares comm.
bottom gluing
properties
join distributivity
(see below)
The last step holds by right induction for _#, since
(¢ saln 505 F s M)sM 5 F
= (g saldns5f5¢iM)s M F
= (¢ saldn™5fsmsa)s M F

back tabulation

left square commutes

= gsia; M F nsf im=gim i imCgqg
= g im ic: F left tabulation

= n5f5f:b top, back squares commute
C nsb f univalent

and, from that, also

nsbsF s MsM s FC (g saln 503 F sM)sM sFCn b . O
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Lemma 5.2.3 In a van Kampen setup where the top square is a gluing, the front squares are
tabulations iff the following holds:

mi(m ) f Mesc Cle (%)

PRrROOF: We only show that the right front square is a tabulation, since the situation of the
other front square is perfectly symmetric. cross-commutativity has been shown separately in
Lemma [5.2.2] For the second tabulation condition, we first show that, for every R : C' — C":

f5Rsfmbsbd” T bsi(bsf sRsfsbNlg)sb” modal rules
= bi(F5c¢sRses Flg)s b
biran F'5 b

= b F s Fs b

back square commutativity

I

ran properties

F' univalent
This implies f " sm:sm s fbsb =f smsm s fMbs F 5 F; b, which we use below:

nin MNbi;b =lg

S (mHENbs b =g top gluing

&S (Mg Uf sms(m 5 H)EMb:b =1lg RE=TUR ; R¥
& (Ipnbsb)U( sms(m s H)ENbs07) =1 lattice distributivity
S Ip U sms(m s H)®ENbs07) =1p b total

S fTimi(mT s HEN G0 C g ordering

S fFims(m i f)BENbGF i Fi b Clg (above)

S [fTimi(m s HEN e f Elg back tabulation
S fTims(mT i H)ENfsf e f) Elg f univalent

S ms(m )N i f e fEf f mapping

S mi(m )N s fsf 5fTS Lemma 2.2.7]
S ms(m s fH)¥ENesesfEf f univalent

& (ma(m s HEsfNese)sfCf f univalent

S mi(m s Nesec Tff” f mapping

S mi(m ) Nese Cfif Meic ordering

S mi(m s H)Esf Mese Ele back tabulation

This is exactly the condition (). O
Let us name the diagonals of the top and bottom squares:

= fin
Fi N

q == mig
Q = M:G

Now, since m;: (m™; f)®sf =msgsn™sf = g3 ¢, the condition (x) in Lemma [5.2.3] is equivalent
to one of the conditions stating that C<¢—C'—%4~D is a tabulation for @ : d:

qg;q Meic =1p
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The other condition for this tabulation, cross-commutativity ¢ ; ¢ = @ d~, follows (to choose
one side) from the assumed cross-commutativity of the back square ¢ ; f = F ;b and the
cross-commutativity of the right square b”; n = N ; d~ which follows from the top gluing via
Lemma without use of (x). Since these two tabulations together already produce the
diagonal tabulation via Lemma 2.2.8 the “only if” aspect of Lemma could be considered
as irrelevant.

However, the advantage of the formulation of the condition (*) in Lemma lies in
the fact that it is stated in terms of only m, f, and ¢, thanks to gluing cross-commutativity
gin~ = (m7;f)®. With that, it is easy to see that the condition () is equivalent to the following
inclusion (or, equivalently, equation) in the lattice of equivalences on C’:

(msm Vfsf)Ncic <l

Since equivalence lattices are not necessarily distributive, we cannot derive this from the tab-
ulation equations m:m~ A cic =1le and fif Acic =l

Theorem 5.2.4 In the category Map C of maps over a bi-tabular collagory C, pushouts along
injective maps are van Kampen squares.

PRrOOF: Bi-tabularity guarantees that all pushouts in Map C are gluings and all pullbacks in
Map C are tabulations.

Lemma [5.2.7] therefore shows the “only if” part of the definition of Van Kampen squares.

For the “if” part, assume a van Kampen setup where M is injective and the top square is
a gluing. Lemma implies that m is injective, too, which in turn implies difunctionality
of m™; f and the assumption (x) of Lemma [5.2.3] which then shows that the front squares are
tabulations, and therefore pullbacks. O

The main result of this section is now an immediate consequence of this theorem; note that we
do not need difunctional (or transitive) closure for this:

Corollary 5.2.5 For a bi-tabular collagory C where all monos in Map C are injective in C, the
mapping category Map C is adhesive. O

(The restriction on monic mappings is necessary since there might, for example, be an object
A in C for which the only mapping with target A is I 4; in that case, all mappings f : A — B
would automatically be monos in Map C regardless whether they are injective in C. Note that
[ (together with identities) itself forms a tabulation and a co-tabulation for f.)

This result immediately makes the rewriting concepts and results from [LS04], including
the local Church-Rosser theorem and the concurrency theorem, available for DPO rewriting
defined via tabulations and co-tabulations in the context of collagories.

From Lemmas 5.2.1] and 523, we also directly obtain a characterisation of van Kampen
squares in bitabular collagories:

Theorem 5.2.6 A gluing square (as in Def. (.1.7](i)) in a bitabular collagory is van Kampen
iff all its van Kampen setups (as in Def. B.1.3]) where the top square is a gluing satisfy the
following:

mi(m )5 f Meie Ele O
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5.3 Further Investigation of Van Kampen Squares

The following properties will be useful below:

Lemma 5.3.1 In a van Kampen setup where M ; M~ 1 F; F~ C I, the following hold:

Lfsf mmim icsic Cle
2.cicMmsm™ s fsf CEle

PROOF:
1. fsf Mmsm scic
= fif fmsa; M 5c
= fsf NesMsM 5c
= fsfNe;s(MsM s e sfsf)
C fsfMNes(MsM e sfsfse)ic

left tabulation
left commutativity
modal rule

modal rule

back tabulation

fif Mes(MsM MF;b 505 F )¢

C fsf MNes(MsM MF;F )¢ b univalent
= fsf Mecsc assumption
= e back tabulation
2. cic Omsm™sfsf O
= cic Omsm 5 (f5f Mmsim 5¢s¢) modal rule
= cic Mmim” (i)
= I left tabulation

Injectivity of M makes M~ ; F' difunctional and also enforces injectivity of m and therewith
difunctionality of m™; f.

In the general case, however, we have seen above that difunctionality of m™; f requires not
only difunctionality of M~ ; F'| but also the front tabulation conditions.

This failure of difunctionality propagation can be understood as coming from the fact that
in the difunctionality inclusion M~ F's F~ s M s M~ FF ' © M~ ; F, the right-hand side passes
through a “C element” that may be distinct from the three “C elements” of the left-hand side.

This distinct “C element” gives rise to a “C’ element” that is, in the absence of the front
tabulation conditions, determined only up to c¢; c".

One way to avoid this unwanted factor is to specify that in any chain diagram documenting
M:;M 5 F; F7 ;s M M, the fourth (i.e., last) C element needs to be one of the previous three
C elements. Referring to so many elements simultaneously in a relation-algebraic way requires
direct products — we use 7 and p as the projections. The following is one formulation of this
condition:

MsM 5(rm MFsF sMsM sp)CMsM s(m N(FsF UMM )sp)
However, it is not hard to see that this is equivalent to the following, much simpler condition:

FsF sMsM CF;FUM;M
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This is obviously satisfied if one of M and F' is injective. It can also be strengthened to an
equality, since M and F' are both total. This implies symmetry:

FsFP sMsM =F;sF UMM =M;M 5 F; F
and, furthermore, difunctionality of M~ ; F:
M FsF MM sF=M ;sM:;M ;F;F s F=M;F .

Assuming also M s MM F 3 F- Cle, weobtain f5f smsm =fsf Um:m™:

fif smsm”

= fifsmim Ne; FsF s M M s ¢

C fsfsmsm Ne; (FsFUM:sM)sc assumption
fsfsmsm O(esesfsf Uese smsm”)
(fsf smsm Nese s f5f)U(f5f smsm Nese smim”)

C f:sf Um:m” Lemma [5.3.1]

Therefore, m™; f is difunctional, too, and together with Lemma [5.3.1] we obtain
mi(m )5 f Neic=msm sfif Neic Eler .

Altogether we have shown the following:

Theorem 5.3.2 In the category Map C of maps over a bi-tabular collagory C, pushouts satis-
fying also
FsFnM:M Cl;

and
FsF sMsM CF;F UMM

are van Kampen squares. O

Both inclusions can be strengthened to equalities, and since the second condition implies
difunctionality, both together imply that such pushouts are also pullbacks.



Chapter 6

Conclusion

We have streamlined the axiomatic basis of the relation-algebraic approach to graph structure
transformation by introducing collagories, which, in comparison to earlier approaches, remove
consideration of the zero-law and, to a certain extent, of difunctional closure defined via the
Kleene star.

We showed that the concepts of tabulation and co-tabulation, which are essential for the
relation-algebraic rewriting approach, can be formalised in collagories, and that the category
of mappings in a bi-tabular collagory forms an adhesive category, thus establishing a power-
ful connection to the categorical approach to graph structure transformation. Our proof that
co-tabulation are bicolimits appears to be somewhat related to Milius’ results about colimit
constructions in the 2-category of relations over a category [Mil03], and is a first step towards
establishing connections between our characterisation of van Kampen squares in mapping cat-
egories in collagories with the characterisation as bicolimits in the bicategory of spans given by

Heindel and Sobocinski [HS09].

As shown in Chapter [3] all the important examples of adhesive categories can also be ob-
tained as special cases of powerful collagory constructions; future work will investigate whether
(respectively when) the category of relations [F'S90, 1.412] in an adhesive category forms a
collagory. Another interesting goal would be to identify a nicer collagory-level formulation of
the van Kampen property, and establish connections with the characterisation as bicolimits in
the bicategory of spans given by Heindel and Sobocinski [HS09).

Further investigations will explore different variations of adhesive categories in a collagory
setting, including the quasiadhesive categories of [LS05], and their applications.

o1



Bibliography

[BW99] M. BARR, C. WELLS. Category Theory for Computing Science. Centre de recherches
mathématiques (CRM), Université de Montréal, 3'¢ edition, 1999.

[BGO3] R. Bruni, F. Gabppucct. Some Algebraic Laws for Spans (and their connections with
multirelations). Electronic Notes in Computer Science 44(3) 9.1-9.19, 2003.

[CMR"97] A. CORRADINI, U. MONTANARI, F. Rossi, H. EHRIG, R. HECKEL, M. LOWE.
Algebraic Approaches to Graph Transformation, Part I: Basic Concepts and Double Pushout
Approach. In G. ROZENBERG, ed., Handbook of Graph Grammars and Computing by Graph
Transformation, Vol. 1: Foundations, Chapt. 3, pp. 163-245. World Scientific, Singapore,
1997.

[EPPHO06] H. EHRIG, J. PADBERG, U. PRANGE, A. HABEL. Adhesive High-Level Replacement
Systems: A New Categorical Framework for Graph Transformation. Fund. Inform. 74(1) 1-
29, 2006.

[FS90] P. J. FREYD, A. SCEDROV. Categories, Allegories, North-Holland Mathematical Li-
brary 39. North-Holland, Amsterdam, 1990.

[HS09] T. HEINDEL, P. SoBOCINSKI. Van Kampen Colimits as Bicolimits in Span. In
A. Kurz, A. TARLECKI, eds., Algebra and Coalgebra in Computer Science, CALCO 2009,
LNCS. Springer, 2009. (To appear).

[KahO1] W. KAHL. A Relation-Algebraic Approach to Graph Structure Transformation, 2001.
Habil. Thesis, Fakultat fiir Informatik, Univ. der Bundeswehr Miinchen, Techn. Report 2002-
03, http://sqrl.mcmaster.ca/~kahl/Publications/RelRew/.

[Kah04] W. KAHL. Refactoring Heterogeneous Relation Algebras around Ordered Categories
and Converse. J. Relational Methods in Comp. Sci. 1 277-313, 2004.

[Kah09a] W. KAHL. Collagories for Relational Adhesive Rewriting. In R. BERGHAM-
MER, A. JAOUA, B. MOLLER, eds., Relations and Kleene Algebra in Computer Science,
RelMiCS/AKA 2009, LNCS 5827, pp. 211-226. Springer, 2009.

[Kah09b] W. KAHL. Collagories for Relational Adhesive Rewriting. SQRL Report 56, Software
Quality Research Laboratory, Department of Computing and Software, McMaster University,
2009. In: http://sqrl.mcmaster.ca/sqrl_reports.html (Superseded by [Kahl0]).

[Kah10] W. KAHL. Collagory Notes, Version 1. SQRL Report 57, Software Quality Re-
search Laboratory, Department of Computing and Software, McMaster University, 2010. In:
http://sqrl.mcmaster.ca/sqrl_reports.html. (This report supersedes [Kah09b]).

[Kaw90] Y. KAWAHARA. Pushout-Complements and Basic Concepts of Grammars in Toposes.
Theoretical Computer Science 77 267-289, 1990.

[Koz94] D. KozeEN. A Completeness Theorem for Kleene Algebras and the Algebra of Regular
FEvents. Inform. and Comput. 110(2) 366-390, 1994.

52


http://sqrl.mcmaster.ca/~kahl/Publications/RelRew/
http://sqrl.mcmaster.ca/sqrl_reports.html
http://sqrl.mcmaster.ca/sqrl_reports.html

BIBLIOGRAPHY 93

[LS04] S. LACk, P. SOBOCINSKI. Adhesive Categories. In I. WALUKIEWICZ, ed., FOSSACS
2004, LNCS 2987, pp. 273-288, 2004.

[LS05] S. LaAck, P. SOBOCINSKI. Adhesive and quasiadhesive categories. RAIRO Inform.
Théor. Appl. 39(3) 511-545, 2005.

[Low90] M. LOWE. Algebraic Approach to Graph Transformation Based on Single Pushout
Derivations. Technical Report 90/05, TU Berlin, 1990.

[Mil03] S. MiLius. On Colimits in Categories of Relations. Applied Categorical Structures
11(3) 287-312, 2003.

[dRE98] W.-P. DE ROEVER, K. ENGELHARDT. Data Refinement: Model-Oriented Proof Meth-
ods and their Comparison, Cambridge Tracts Theoret. Comput. Sci. 47. Cambridge Univ.
Press, 1998.

[SS93] G. ScuMIDT, T. STROHLEIN. Relations and Graphs, Discrete Mathematics for Com-
puter Scientists. EATCS-Monographs on Theoretical Computer Science. Springer, 1993.

[Stu05] I. STUBBE. Categorical Structures Enriched in a Quantaloid: Categories, Distributors
and Fuctors. Theory and Appl. of Categories 14(1) 1-45, 2005.



	1 Introduction and Basic Definitions
	1.1 Introduction
	1.2 Categories, Allegories
	1.3 Collagories

	2 Tabulations and Co-Tabulations
	2.1 Introduction
	2.2 Tabulations
	2.3 Co-tabulations
	2.4 Least Morphisms in Collagories
	2.5 Direct Sums in Collagories
	2.6 The Gluing Condition in Collagories

	3 Algebraic Collagory Constructions
	3.1 Collagories of Semi-Unary Algebras and Bisimulations
	3.2 Reducts Along Signature Homomorphisms
	3.3 Reduct-Restricted -Algebra Categories

	4 Co-Tabulations as Bicolimits and Lax Colimits
	4.1 OC-Colimits: Bicolimits in Ordered Categories
	4.2 Co-Tabulations Produce OC-Pushouts
	4.3 Lax Colimits in OCCs
	4.4 OCC-Colimits are Co-Tabulations

	5 Van Kampen Squares and Adhesive Categories
	5.1 Adhesive Categories and Van Kampen Setups
	5.2 Maps in Collagories form Adhesive Categories
	5.3 Further Investigation of Van Kampen Squares

	6 Conclusion

